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Abstract

This paper introduces a new identification- and singularity-robust conditional quasi-likelihood
ratio (SR-CQLR) test and a new identification- and singularity-robust Anderson and Rubin (1949)
(SR-AR) test for linear and nonlinear moment condition models. Both tests are very fast to
compute. The paper shows that the tests have correct asymptotic size and are asymptotically
similar (in a uniform sense) under very weak conditions. For example, in i.i.d. scenarios, all that
is required is that the moment functions and their derivatives have 2 + + bounded moments for
some v > 0. No conditions are placed on the expected Jacobian of the moment functions, on the
eigenvalues of the variance matrix of the moment functions, or on the eigenvalues of the expected
outer product of the (vectorized) orthogonalized sample Jacobian of the moment functions.

The SR-CQLR test is shown to be asymptotically efficient in a GMM sense under strong and
semi-strong identification (for all k£ > p, where k and p are the numbers of moment conditions and
parameters, respectively). The SR-CQLR test reduces asymptotically to Moreira’s CLR test when
p = 1 in the homoskedastic linear IV model. The same is true for p > 2 in most, but not all,
identification scenarios.

We also introduce versions of the SR-CQLR and SR-AR tests for subvector hypotheses and
show that they have correct asymptotic size under the assumption that the parameters not under
test are strongly identified. The subvector SR-CQLR test is shown to be asymptotically efficient

in a GMM sense under strong and semi-strong identification.

Keywords: asymptotics, conditional likelihood ratio test, confidence set, identification, infer-
ence, moment conditions, robust, singular variance, subvector test, test, weak identification, weak

instruments.
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1 Introduction

Weak identification and weak instruments (IV’s) can arise in a wide variety of empirical appli-
cations in economics. Examples include: in macroeconomics and finance, new Keynesian Phillips
curve models, dynamic stochastic general equilibrium (DSGE) models, consumption capital asset
pricing models (CCAPM), and interest rate dynamics models; in industrial organization, the Berry,
Levinsohn, and Pakes (1995) (BLP) model of demand for differentiated products; and in labor eco-
nomics, returns-to-schooling equations that use IV’s, such as quarter of birth or Vietnam draft
lottery status, to avoid ability bias. Other examples include nonlinear regression, autoregressive-
moving average, GARCH, and smooth transition autoregressive (STAR) models; parametric selec-
tion models estimated by Heckman’s two step method or maximum likelihood; mixture models and
regime switching models; and all models where hypothesis testing problems arise where a nuisance
parameter appears under the alternative hypothesis, but not under the nullE]

Given this wide range of applications and models, it is useful to have tests and confidence sets
(CS’s) that are identification-robust under nearly minimal conditions. This paper introduces two
tests (and CS’s) with this feature. The two new tests are a singularity-robust (SR) conditional
quasi-likelihood ratio (SR-CQLR) test and an SR nonlinear Anderson and Rubin (1949) (SR-AR)
test. These tests and CS’s are shown to have correct asymptotic size and to be asymptotically
similar (in a uniform sense) under very weak conditions. All that is required is that the expected
moment functions equal zero at the true parameter value and the moment functions and their
derivatives satisfy mild moment conditions. Thus, no identification assumptions of any type are
imposed. The results hold for arbitrary fixed &k, p > 1, where k is the number of moment conditions
and p is the number of parameters. The results allow for any of the p parameters (or any trans-
formations of them) to be weakly or strongly identified, which covers multiple possible sources of
weak identification. Results are given for independent identically distributed (i.i.d.) observations
as well as stationary strong mixing time series observations.

The asymptotic results allow the variance matrix of the moments to be near singular or singular.
This is particularly important in models where weak identification (or lack of identification) is
necessarily accompanied by near singularity (or exact singularity) of the variance matrix of the
moments. This occurs in all maximum likelihood scenarios and many quasi-likelihood scenarios.
Furthermore, in models of this type where robustness against lack of identification—not just against
weak identification—is important, allowing for singularity of the variance matrix of the moments—
not just near singularity—is necessary. This occurs in likelihood-based models that nest submodels

of interest, when the parameters are not identified in the submodel. For examples, this occurs with

'For references, see Section in the Supplemental Material.



(i) factor models with multiple factors, where the submodels of interest have reduced numbers of
factors, (ii) mixture models, including regime switching models, where the submodel of interest
has only one regime, (iii) asset return models with jumps, where the submodel of interest has
no jumps, (iv) random coefficient models with possible correlation between the coefficients, where
the submodel has constant coefficients, (v) random coefficient models with possible correlation
between a random coefficient and an error term, where the submodel has constant coefficients,
(vi) GARCH models and ARCH and GARCH in mean models, where the submodel of interest
has no conditional heteroskedasticity, and (vii) ARMA models, where the submodel has i.i.d. (or
uncorrelated) observations. In all of these models, ruling out singularity of the variance matrix,
rules out the submodel. Some finite-sample simulation results, given in the Supplemental Material
(SM) to this paper, show that the SR-AR and SR-CQLR tests perform well (in terms of null
rejection probabilities) under singular and near singular variance matrices of the moments in the
model considered.

The asymptotic results also allow the expected outer-product of the vectorized orthogonalized
sample Jacobian to be singular. For example, this occurs when some moment conditions do not
depend on some parameters. Finally, the asymptotic results allow the true parameter to be on, or
near, the boundary of the parameter space.

In sum, the conditions for correct asymptotic size of these tests and CS’s are sufficiently weak
and transparent that the practitioner is easily assured of avoiding asymptotic size distortions.

The SR-CQLR test is shown to be asymptotically efficient in a GMM sense under strong and
semi-strong identification (when the variance matrix of the moments is nonsingular and the null
parameter value is not on the boundary of the parameter space). Furthermore, it reduces to
Moreira’s (2003) CLR test in the homoskedastic linear IV model with fixed IV’s when p = 1. This
is desirable because the latter test has been shown to have approximate optimal power properties in
this model under normality, see Andrews, Moreira, and Stock (2006, 2008), Chernozhukov, Hansen,
and Jansson (2009), Mikusheva (2010), and Andrews, Marmer, and Yu (2017). A drawback of the
SR-CQLR test is that it is not known to have optimality properties under weak identification in
other models. The SR-CQLR test is easy to compute and its conditional critical value can be
simulated easily and very quickly.

To establish the asymptotic size and similarity results of the paper, we use the approach in
Andrews, Cheng, and Guggenberger (2009) and Andrews and Guggenberger (2010). With this
approach, one needs to determine the asymptotic null rejection probabilities of the tests under
various drifting sequences of distributions {F,, : n > 1}. Different sequences can yield different

strengths of identification of the unknown parameter 6. The strength of identification of # depends



on the expected Jacobian of the moment functions evaluated at the true parameter, which is a
k x p matrix. When k£ < p, the parameter 6 is unidentified. When k > p, the magnitudes of the p
singular values of this matrix determine the strength of identification of 8. The SR-CQLR statistic
has a X% asymptotic null distribution under strong and semi-strong identification and a noticeably
more complicated asymptotic null distribution under weak identification.

To obtain the robustness of the two new tests to exact singularity of the variance matrix of the
moments, we use the rank of the sample variance matrix of the moments to estimate the rank of
the population variance matrix. We use a spectral decomposition of the sample variance matrix
to estimate the linear combinations of the moments that are stochastic. We construct the test
statistics using these estimated stochastic linear combinations of the moments. When the sample
variance matrix is singular, we employ an extra rejection condition that improves power by fully
exploiting the nonstochastic part of the moment conditions associated with the singular part of
the variance matrix. We show that the resulting tests and CS’s have correct asymptotic size. In
contrast, arbitrarily discarding moment conditions when the sample variance matrix is singular can
affect the outcome of the test and the power of the test depending on which moment conditions are
deleted, see Section [14.2] in the SM for an illustration. In addition, it ignores the information in
the extra rejection condition referred to above. The robustness of the SR-CQLR test to any form
of the expected outer product matrix of the vectorized orthogonalized Jacobian occurs because
the SR-CQLR test statistic does not depend on Kleibergen’s (2005) LM statistic, but rather, on a
minimum eigenvalue statistic.

The SR-CQLR and SR-AR tests are for full vector inference. We develop subvector inference
for scenarios in which the nuisance parameters under the null hypothesis are strongly identified.
We show that the SR-CQLR subvector test is asymptotically efficient under strong and semi-strong
identification. We compare the power of the subvector SR-CQLR and SR-AR tests with the power
of the S test in Stock and Wright (2000) and the CLR test in I. Andrews and Mikusheva (2016),
which we refer to as the AM test. The model considered is an endogenous probit model with a
six- or eight-dimensional nuisance parameter and a scalar parameter of interest. The SR-CQLR
and AM tests out perform the SR-AR and S tests in the scenarios considered. The SR-CQLR
and AM tests have crisscrossing power functions, which makes a ranking difficult. It takes about
4 minutes to calculate 5,000 CQLR tests using an Intel Core 3.4GHz, 6MB processor, which is
about 59 times faster than for the AM test. The speed difference should be increasing rapidly in
the dimension, p, of the parameter specified by the null hypothesis because the AM test requires
an optimization over a p dimensional space for each simulation used to compute its conditional

critical value, whereas the CQLR test has a closed-form expression. See Section [L1]in the SM for



references to other subvector inference methods in the literature.

We carry out some asymptotic power comparisons of the full-vector versions of the tests via
simulation using eleven linear IV regression models with heteroskedasticity and/or autocorrelation
and one right-hand side (rhs) endogenous variable (p = 1) and four IV’s (k = 4). The scenarios con-
sidered are the same as in I. Andrews (2016). They are designed to mimic models for the elasticity
of inter-temporal substitution estimated by Yogo (2004) for eleven countries using quarterly data
from the early 1970’s to the late 1990’s. The results show that, in an overall sense, the SR-CQLR
test introduced here performs well in the scenarios considered. It has asymptotic power that is
competitive with that of the PI-CLC test of I. Andrews (2016) and the MM2-SU test of Moreira
and Moreira (2015), has somewhat better overall power than the JVW-CLR and MVW-CLR tests
of Kleibergen (2005) and the MM1-SU test of Moreira and Moreira (2015), and has noticeably
higher power than Kleibergen’s (2005) LM test and the AR test.

Fast computation of tests is very useful when constructing confidence sets by inverting the
tests. In the model above, the SR-CQLR test (employed using 5000 critical value repetitions) can
be computed 29,411 times in one minute using a laptop with Intel i7-3667U CPU @2.0GHz in the
(k,p) = (4,1) scenarios described above. This is found to be 115, 292, and 302 times faster than
the PI-CLC, MM1-SU, and MM2-SU tests, respectively. For p > 2, the speed advantage is much
larger.

The paper is organized as follows. Section[2]discusses the related literature. Section [3|defines the
moment condition model. Sections {d| and [5|introduce the SR-AR and SR-CQLR tests, respectively.
Section [6] provides the asymptotic size and similarity results for the tests. Section [7] establishes the
asymptotic efficiency of the SR-CQLR test under strong and semi-strong identification. Section
provides subvector tests under the assumption that the parameters not under test are strongly
identified. Section provides the finite-sample results for the subvector tests in the probit model
with endogeneity. Section [J] provides the asymptotic power comparisons based on the estimated
linear IV models in Yogo (2004).

The SM, i.e., Andrews and Guggenberger (2018), contains the proofs. It also provides (i) time
series results, (ii) finite-sample simulations of the null rejection probabilities of the SR-AR and
SR-CQLR tests for cases where the variance matrix of the moment functions is singular and near-
singular, (iii) analysis of the behavior of the SR-CQLR test and Kleibergen’s (2005, 2007) CLR
tests in the homoskedastic linear IV model with fixed IV’s, (iv) the definition of a new SR-CQLRp
test that reduces asymptotically to Moreira’s (2003) CLR test for all p > 1, but only applies when
the moment functions are of a product form, u;(6)Z;, where u;(6) is a scalar and Z; is a k-vector

of instrumental variables, and (v) the definition of a new SR-LM test.



All limits below are taken as n — oo and A := B denotes that A is defined to equal B.

2 Discussion of the Related Literature

Papers in the literature that deal with identification-robust LM and CLR tests for nonlinear
moment condition models include Kleibergen (2005, 2007), Guggenberger and Smith (2005), Otsu
(2006), Smith (2007), Guggenberger, Ramalho, and Smith (2012), and I. Andrews (2016). None of
these papers provide asymptotic size results. Kleibergen (2005) considers standard weak identifi-
cation and strong identification. This excludes all cases in the nonstandard weak and semi-strong
identification categories, see Section below. All of the other papers listed obtain asymptotic
results under Stock and Wright’s (2000) Assumption C. This assumption is an innovative contribu-
tion to the literature, but it has some notable drawbacks. For a detailed discussion, see Section 2
of Andrews and Guggenberger (2017) (AG1). The asymptotic results in this paper do not require
Assumption C or any related conditions of this type.

I. Andrews and Mikusheva (2016) consider a different form of CLR test than those above. Their
test is asymptotically similar conditional on the entire sample mean process that is orthogonalized
to be asymptotically independent of the sample moments evaluated at the null parameter value.
They establish correct asymptotic size of this test under an assumption that bounds the minimum
eigenvalue of the variance matrix of the sample moments away from zero. While this condition
applies to many models, it rules out likelihood-based models with weak identification.

AG1 analyzes the asymptotic size properties of a class of LM and CLR tests for nonlinear
moment condition models. Next, we contrast the asymptotic size results for the SR-AR and SR-
CQLR tests with the asymptotic size results of AG1 for variants of Kleibergen’s (2005) CLR tests.

For a certain parameter space of null distributions Fy, AG1 establishes correct asymptotic size
for Kleibergen’s CLR tests that are based on (what AG1 calls) moment-variance-weighting (MVW)
of the orthogonalized sample Jacobian matrix, combined with a rank statistic, such as the Robin and
Smith (2000) rank statistic. Tests of this type have been considered by Guggenberger, Ramalho,
and Smith (2012). AGI also determines a formula for the asymptotic size of Kleibergen’s CLR
tests that are based on (what AG1 calls) Jacobian-variance-weighting (JVW) of the orthogonalized
sample Jacobian matrix, which is the weighting suggested by Kleibergen. However, AG1 does
not show that the latter CLR tests necessarily have correct asymptotic size when p > 2. The
reason is that for some sequences of distributions, the asymptotic versions of the sample moments
and the (suitably normalized) rank statistic are not necessarily independent and using asymptotic

independence is the only known way of showing that the asymptotic null rejection probabilities



reduce to the nominal size . AG1 does show that these tests have correct asymptotic size when
p =1, for a certain subset of the parameter space Fy.

Although Kleibergen’s CLR tests with moment-variance-weighting have correct asymptotic size
for Fy, they have some drawbacks. First, the variance matrix of the moment functions must be
nonsingular, which can be restrictive. Second, the parameter space Fy restricts the eigenvalues of
the expected outer product of the vectorized orthogonalized sample Jacobian, which can be restric-
tive and can be difficult to verify in some models. Third, as shown in the SM, Kleibergen’s CLR
tests with moment-variance-weighting do not reduce to Moreira’s CLR test in the homoskedastic
normal linear IV model with fixed IV’s when p = 1. Simulation results in the SM show that this
leads to substantial power loss in some scenarios of this model, relative to the SR-CQLR tests
considered here, Moreira’s CLR test, and Kleibergen’s CLR test with Jacobian-variance weighting.
Fourth, the form of Kleibergen’s CLR test statistic for p > 2 is based on the form of Moreira’s test
statistic when p = 1. In consequence, one needs to make a somewhat arbitrary choice of some rank
statistic to reduce the k x p weighted orthogonalized sample Jacobian to a scalar random variable.

Kleibergen’s CLR tests with Jacobian-variance weighting also possess drawbacks one, two, and
four stated in the previous paragraph, as well as the asymptotic size issue discussed above when
p > 2. In contrast, the SR-CQLR test does not have any of these drawbacks.

Compared to the standard GMM tests considered in Hansen (1982), the SR-CQLR and SR-AR
tests have correct asymptotic size even when any of the following conditions employed in Hansen
(1982) fails: (i) the moment functions have a unique zero at the true value, (ii) the expected Jacobian
of the moment functions has full column rank, (iii) the variance matrix of the moment functions
is nonsingular, and (iv) the true parameter lies on the interior of the parameter space. Under
strong and semi-strong identification, the full-vector SR-CQLR test is asymptotically equivalent
under contiguous local alternatives to the test in Hansen (1982) that uses an asymptotically efficient
weight matrix.

The SR-CQLR and SR-AR tests are shown to be robust to the singularity and near-singularity
of the variance matrix of the moments. In somewhat related work, Caner and Yildez (2012)
consider robust of the continuous updating estimator to near-singularity of the variance matrix of
the moments in a many weak IV’s context.

A drawback of the SR-CQLR test is that it does not have any known optimal power proper-
ties under weak identification, except in the homoskedastic normal linear IV model with p = 1.
In contrast, Moreira and Moreira (2015) construct finite-sample unbiased tests that maximize a
weighted average power criterion in the heteroskedastic and autocorrelated normal linear IV re-

gression model with p = 1. I. Andrews (2016) develops a test that minimizes asymptotic maximum



regret among tests that are linear combinations of Kleibergen’s LM and AR tests for linear and
nonlinear minimum distance and moment condition models. For moment condition models, this
test is not computationally tractable, so he proposes a plug-in test that aims to mimic the features
of the infeasible optimal test. This feasible plug-in test does not have optimality properties. I.
Andrews (2016) also discusses the relative power performance of the K test in scenarios with Kro-
necker product and non-Kronecker product variance matrices. Montiel Olea (2012) considers tests
that have weighted average power optimality properties in a GMM sense under weak identification
in moment condition models when p = 1. Whether these tests are asymptotically efficient under
strong identification seems to be an open question. None of the previous papers provide asymp-
totic size results. Elliott, Miiller, and Watson (2015) consider tests that maximize weighted average
power in a variety of (finite-sample) parametric models where a nuisance parameter appears under
the null. The test in I. Andrews and Mikusheva (2016) utilizes information in the entire sample
moment process, which other CLR tests do not. But, like the SR-CQLR test, it does not have
general asymptotic optimality properties.

Robust inference methods in scenarios where the source of weak identification is known includes

Andrews and Cheng (2013) and Han and McCloskey (2018).

3 Moment Condition Model

3.1 Moment Functions

The general moment condition model that we consider is
Epg(Wi,0) = 0", (3.1)

where the equality holds when # € © C RP is the true value, 0 = (0,...,0) € R*, {W; € R™ : i =
1,...,n} are i.i.d. observations with distribution F, g is a known (possibly nonlinear) function from
R™P to RF, Ep(-) denotes expectation under F, and p,k,m > 1. As noted in the Introduction,
we allow for £ > p and k£ < p. In Section [17]in the SM, we consider models with stationary strong
mixing observations.

The Jacobian of the moment functions is

B
G(W;,0) == wg(Wi, 0) € R’W (3.2)

2The asymptotic size results given below do not actually require G(W;,0) to be the derivative matrix of g(W;, 6).
The matrix G(W;, 0) can be any k X p matrix that satisfies the conditions in F*%, defined in (3.6)) below. For example,
G(W;,0) can be the derivative of g(W;, 6) almost surely, rather than for all W;, which allows g(W;, 6) to have kinks.



For notational simplicity, we let g;(f#) and G;(0) abbreviate g(W;, ) and G(W;, ), respectively.
We denote the jth column of G;(0) by G;;(0) and G;; = G;j(0p), where 0y is the (true) null value of
0, for j = 1, ..., p. Likewise, we often leave out the argument 6y for other functions as well. Thus, we
write g; and Gj, rather than g;(0g) and G;(6p). We let I, denote the r dimensional identity matrix.

We are concerned with tests of the null hypothesis
Hy : 0 =0g versus Hy : 0 # 0. (3.3)

3.2 Parameter Spaces of Distributions F

The variance matrix of the moments, Qr(6), its rank, and its spectral decomposition are

Qr(0) := Er(9i(0) — Ergi(0))(9:(0) — Ergi(0))',
rr(0) := rk(Qp(0)), and Qp(0) == AX(O)I1r(0)AL(0), (3.4)

where rk(-) denotes the rank of a matrix, Iz (0) is the k x k diagonal matrix with the eigenvalues of
Qr () on the diagonal in nonincreasing order, and A%(8) is a k x k orthogonal matrix of eigenvectors
corresponding to the eigenvalues in IIgp(0). We allow for the case where Qp(0) is singular. We

partition A%(G) according to whether the corresponding eigenvalues are positive or zero:
ASK(0) = [AF(0), AF(0)], where Ap(0) € R¥*"70) and Af(0) € RF*(F=rr(9), (3.5)

The columns of Ap(0) are eigenvectors of Qp(0) that correspond to positive eigenvalues of Qp(6).
Let IT; #(0) denote the upper left rx(0) X r(0) submatrix of I1x(6). The matrix I3 #(0) is diagonal
with the positive eigenvalues of Qr(0) on its diagonal in nonincreasing order.

The rr vector Hl_;/ 2A’F g; is a vector of non-redundant linear combinations of the moment func-
tions evaluated at 6y rescaled to have variances equal to one: Var F(Hl_Fl/ 2A’ng) =
H;;/QA%QFAFH;;Q = I,,. The rp x p matrix H;;/QA%Gi is the analogously transformed Ja-
cobian matrix.

For the SR-AR and SR-CQLR tests, we consider the following parameter spaces for the distri-
bution F' that generates the data under Hy : 8 = 0y:

FE .= {F: Epg; = 0F and Ep|[Tl;Y*Alpgi|[>*7 < M} and
FSR .= (F € F5E : Ep|jvec(Tp? A%G))||*T7 < M}, (3.6)

The function G(W;,0) also can be a numerical derivative, such as ((g(W;, 0 + ce1) — g(W;,0)) /e, ..., (g(W;,0 + cep)
— g(Wi,0))/e) € R**? for some ¢ > 0, where e; is the jth unit vector, e.g., e; = (1,0,...,0)’ € RP.



respectively, for some v > 0 and some M < oo, where || - || denotes the Euclidean norm, and vec(-)
denotes the vector obtained from stacking the columns of a matrix.

The first condition in ]:jg is the defining condition of the model. The second condition in
F gg is a mild moment condition on the rescaled non-redundant moment functions H;;/ 2A’ng. For
example, consider the case where W; ~ iid N (0, Qp) for € R*, Qp € RF¥F g(W;,0) := W;—0, Qp
has spectral decomposition ApIlF A%, and some eigenvalues of Qr may be close to zero or equal to
zero. In this case, H;l/ 2A’ng is a vector of independent standard normal random variables and the
moment conditions in J”:f;g and F5% hold immediately. The condition in F*% is a mild moment
condition on the analogously transformed derivatives of the moment conditions Hl_Fl/ 2A’FGi.

Identification issues arise when ErG; has, or is close to having, less than full column rank,
which occurs when k < p or k£ > p and one or more of its singular values is zero or close to zero.
The sets F ;zg and FOF place no restrictions on the column rank or singular values of ErG;.

The conditions in F ;zg and F51 also place no restrictions on the variance matrix Qg := FE nggl’-
of g;, such as Apin(2p) > d for some § > 0 or Apin(Q2p) > 0. This is particularly desirable in cases
where identification failure yields singularity of Qp (and weak identification is accompanied by
near singularity of Qg.) This occurs in all likelihood scenarios. In such scenarios, g;(0) is the score
function, the negative expected Jacobian matrix —FErG; equals the expected outer product of the
score function Qp, i.e., —ErG; = Qp (by the information matrix equality), and weak identification
occurs when Qr is close to being singular.

Another example where Qr can be singular is in the model for interest rate dynamics in Ja-
gannathan, Skoulakis, and Wang (2002, Sec. 6.2) (JSW). JSW consider five moment conditions
for a four dimensional parameter §. Grant (2013) shows that the variance matrix of the moment
functions for this model is singular when one or more of three restrictions on the parameters holds.
When any two of these restrictions hold, the parameter also is unidentified, see Section in the
SM for details.

In these examples and others like them, ErG; is close to having less than full column rank and
Qp is close to being singular when the null value 6y is close to a value which yields reduced column
rank of ErG; and singularity of Q. Null hypotheses of this type are important for CS’s because
uniformity over null hypothesis values is necessary for CS’s to have correct asymptotic size. Hence,
it is important to have procedures available that place no restrictions on either FrG; or Qp.

The parameter spaces for (F,0) for the SR-AR and SR-CQLR CS’s are

Folip = {(F,00) : F € F3£(60),00 € ©} and
F8l = {(F,00) : F € F5%(0y), 6, € O}, (3.7)



respectively, where F55%(0p) and F5%(6y) denote F55 and F5% with the latter sets” dependence

on 6y made explicit.

4 Singularity-Robust Nonlinear Anderson-Rubin Test

The nonlinear Anderson-Rubin (AR) test was introduced by Stock and Wright (2000). (They
refer to it as an S test.) It is robust to identification failure and weak identification, but it relies
on nonsingularity of the variance matrix of the moment functions. In this section, we introduce
a singularity-robust nonlinear AR (SR-AR) test that generalizes the S test of Stock and Wright
(2000) and allows for a singular variance matrix of the moment functions.

As noted in the Introduction, there are a number of likelihood-based models that nest submod-
els of interest within which the parameter is not identified. In such models, it is undesirable and
unnatural to rule out the case where the true distribution lies in the submodel. In consequence,
for such models, the SR-AR test introduced in this section—which allows for lack of identification
and singularity of the variance matrix of the moments—has significant advantages over the stan-
dard nonlinear AR test—which does not. Seven examples of models of this type are listed in the
Introduction. At the end of this section, we provide more detail concerning these models.

The sample moments and an estimator of the variance matrix of the moments, Qr(6), are:
gn(0) :=n"" ﬁ)l 9i(0) and Q. (6) :=n"" Zﬁjl 9i(0)gi(6) — Gn(0)n (0)". (4.1)
The usual nonlinear AR statistic is
AR(0) = 1 (0)' 2, (0)Gn (6). (4.2)

The nonlinear AR test rejects Hy : 0 = g if AR, (0p) > X%Jfa, where xika is the 1 — o quantile
of the chi-square distribution with k& degrees of freedom.

Now, we introduce sample versions of the population quantities rz(8), A%(G), Ar(0), A=(0),
and IIx(0) in and . The rank and spectral decomposition of (),,(6) are

Pn(0) == rk(Q,(0)) and Q,(0) := A%(0)I1,(9) A% (), (4.3)

where II,,(6) is the k x k diagonal matrix with the eigenvalues of ,,(f) on the diagonal in non-
increasing order, and ﬁg(@) is a k x k orthogonal matrix of eigenvectors corresponding to the

eigenvalues in ﬁn(ﬁ) We partition 22(9) according to whether the corresponding eigenvalues are
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positive or zero:
A2(6) = [A,(0), A-(6)], where A,(0) € R¥™) and A-(6) e RF*(F= (), (4.4)

The columns of A, (0) are eigenvectors of ﬁn(Q) that correspond to positive eigenvalues of ﬁn(H)
The eigenvectors in ﬁn(Q) are not uniquely defined, but the eigenspace spanned by these vectors is.
The tests and CS’s defined here and below using En(Q) are numerically invariant to the particular
choice of A, (6) (by the invariance results given in Lemma [5.1| below).

Define G4y, (6) and Q4 () as G, (0) and Q,,(6) are defined in (4.1)), but with A, (0)'g;(6) in place
of g;(0). That is,

Gan(0) = A,(0)Gn(0) € B and Q 4, (0) := A, (), (0) Ay (0) € RO (0) (4.5)
The SR-AR test statistic is defined by
SR-AR,(0) = ngan(0)' Q3L (0)G.4n(6). (4.6)
The SR-AR test rejects the null hypothesis Hy : 8 = 6 if
SR-ARy(00) > X2, (g).1—a OF An(00)'Gn(B0) # OF(0), (4.7)

where by definition the latter condition does not hold if 7,,(0p) = k. If 7,,(6p) = 0, then SR-
AR, (o) := 0 and X%n(eo),l—a := 0 and the SR-AR test rejects Hy if g, (0o) # OF.

The extra rejection condition in , gﬁ(ﬂo)’ Gn(B0) # 0F=™ (%) “improves power, but we show
it has no effect under Hy with probability that goes to one (wp—1), see Lemma in the SM.
It improves power because it fully exploits, rather than ignores, the nonstochastic part of the
moment conditions associated with the singular part of the variance matrix. For example, if the
moment conditions include some identities and the moment variance matrix excluding the identities
is nonsingular, then A (60)'G,(00) consists of the identities and the SR-AR test rejects Hy if the
identities do not hold when evaluated at 6y or if the SR-AR statistic, which ignores the identities,
is sufficiently large. Two other simple examples where the extra rejection condition improves power

are given in Section in the SME}E

3In addition, the extra rejection condition has no effect on the finite-sample null rejection probabilities if
rk(Qn(00)) = rk(Qr(00)) (:= rr) as., see the proof of Lemma b) in the SM. The stochastic part of g;(fo)
is Ar(60)'gi(00) and its variance matrix, Ap(0o)' Qr(00)Ar(0o), is nonsingular by construction. The previous rank
condition holds whenever the sample variance matrix of {Ar(00)'gi(0o) : i < n} has full rank 7r a.s. The latter often
holds whenever n > k + 1.

*When the sample variance matrix is singular, an alternative to using the SR-AR,, (0o) statistic is to arbitrarily
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The SR-AR test statistic can be written equivalently as
SR-AR(0) = ngn(0)' st (0)Gn(0) (4.8)

where ﬁf{ (0) is the Moore-Penrose generalized inverse of ﬁn(ﬁ), see (13.1)) in the SM.
The nominal 100(1 — a)% SR-AR CS is

CSsp-arm = {00 € © : SR-ARn(00) < X2, 50).1—0 and Ak (00)Gn(B) = 0FTn(0)}. (4.9)

By definition, if 7,(6p) = k, the condition Efl(@o)’ﬁn(@g) = 0+~ (%) holds. When 7,(6p) = k,
SR-AR,,(00) = AR, (0) because A, (6p) is invertible and Q31 (60) = A, (60)%,(00) A, (0o)'-

Section [19]in the SM provides some finite-sample simulations of the null rejection probabilities
of the SR-AR test when the variance matrix of the moments is singular and near singular. The
results show that the SR-AR test works very well in the model that is considered in the simulations.

Now we discuss the seven models listed in the Introduction. In each model, the sample moments
are the likelihood score. In factor models it is usually the case that the number of factors is
uncertain. Hence, in a factor model with Ny factors, one is usually interested in the case where
the actual number of factors is J = 0, ..., Ny. However, when the factor loadings are such that only
J < Ny factors enter the model, the variances of the Ny — J factors that do not enter the model
are not identified. Hence, in order to carry out inference that is robust to different numbers of
factors in the model, one requires robustness to weak and lack of identification and near and exact
singularity of the variance matrix of the moments.

In mixture models and regime switching models, it is usually of interest to consider the submodel
in which no mixing (or switching) occurs. But, typically the parameter vector is not identified in this
submodel. For example, consider the simple mixture of normals model with mixing distributions
N(uy,02) and N (ug, 03) and mixing probability p. In this model, the nested submodel is a N (u, 02)
model and it arises when p = 0 or 1 or (p1,0%) = (9,03). In this submodel, the parameter vector
(p1,0%, ptg, 03, p) is not identified and the variance matrix of the moments is singular. Close to this
submodel, this parameter vector is weakly identified and the variance matrix is near singular.

A model for asset returns with jumps is another example of a mixture model. The existence
or nonexistence of jumps is often an issue of considerable interest. It is common to take the jump
component to be of the form Z;'V:JO &, where §; ~ N (/LE,UE) and N; has a Poisson distribution
with parameter ¢, e.g., see Jorion (1988) and Chan and Maheu (2002). When A\¢ = 0, there are

delete some moment conditions. However, this typically leads to different test statistic values given the same data
and can yield substantially different power properties of the test depending on which moment conditions are deleted,
which is highly undesirable. See Section @ in the SM for an example that illustrates this.
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no jumps, the parameters (i, ag) are not identified, and the variance matrix of sample moments
is singular.

In a random coefficients model, it is usually of interest to consider the case where the coefficients
are nonrandom. In this case, the parameter vector often is not identified and the variance matrix of
the sample moments is singular. For example, consider a linear regression model Y; = p+ X!, +u;,
where 3, := B+ &; € R% B is a constant vector, £ ~ N(02,V¢) independent of the error u; ~
N(0,02), and V¢ is a 2 x 2 variance matrix with variances 021 and 022 and correlation pg. In the
partially or wholly constant coefficient model, we have agl = 0 and/or 022 = 0 and pg is not
identified. As another example, suppose ; := [ + &, is a scalar random coefficient in the linear
regression model above, (£;,u;) ~ N(02,Vg,), Ve, is a 2 x 2 variance matrix with variances Jg and
02 and correlation Pey- In the constant coefficient submodel, we have ag = 0, pg, s not identified,
and the sample moments have a singular variance matrix.

A GARCH model of conditional heteroskedasticity nests a homoskedastic model, which is often
of empirical interest for financial or macroeconomic variables observed at a relatively low frequency,
such as a month. For example, the GARCH(1,1) model is of the form: Y; = o;e;, 07 = w+ae? | +
po? |, Eg; =0, and Fe? = 1. When the GARCH parameter « equals zero, 02 = w/(1—p), (w, p) is
not identified, and the variance matrix of the sample moments is singular. Similarly, an ARCH or
GARCH in mean model nests a homoskedastic model with no heteroskedastic mean effect and lack
of identification. For example, the ARCH(1) in mean model is of the form: Y; = p + 0283 + 0¢;,
022 =w+ aa?_l, Ee¢; = 0, and EE% = 1. When the ARCH parameter o equals zero, 022 = w, the
mean of Y; becomes u+wf, (i, 5) is not identified, and the variance matrix of the sample moments
is singular.

The ARMA(1,1) model is a workhorse model of time series analysis. It nests the important
submodel with no serial correlation. This submodel arises when the AR and MA parameters are
equal. The model is of the form: Y; = pY;_1 +¢&; —me;_1, where Fe; = 0, Ee? = 02, and {g; : i > 1}
are serially uncorrelated. When p = 7, the model reduces to Y; = ¢;, the value of p = 7 is not

identified, and the sample moments have a singular variance matrix. Similar “common factor”

identification and variance singularity issues also arise in higher-order ARMA (p, ¢) models.

5 SR-CQLR Test

This section defines the SR-CQLR test. For expositional clarity and convenience (here and in
the proofs), we first define the test in Section for the case of nonsingular sample and population

moments variance matrices, Q,(0) and Qp(6), respectively. Then, we extend the definition in
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Section [5.2] to the case where these variance matrices may be singular.

5.1 CQLR Test for Nonsingular Moments Variance Matrices

The sample Jacobian is
Gn(0) := 0713 Gi(0) = (G1n(0), ..., Gpu () € R¥¥P. (5.1)
i=1

The conditioning matrix lA)n(G) is defined, as in Kleibergen (2005), to be the sample Jacobian
matrix @n(H) adjusted to be asymptotically independent of the sample moments g, (0):

Dy(8) := (D1n(8), ..., Dypn()) € R¥*P, where

Djn(0) := Gjn(0) — T (0)Q2;, 1 (0)gn(0) € R for j =1,...,p, and

fjn(G) =p ! > (G (0) — @jn(é’))gi(e)/ e RFF for j =1,....p. (5.2)
=1

We call lA?n(H) the orthogonalized sample Jacobian matrix. This statistic requires that Q; 1(0) exists.

Next, we define

~

R, (0) := (B(0) ® It) Vi(0) (B(8) @ I;) € RPHIFXP+DE - where

XA/n(G) =1 zn: (fz(g) _ ﬁ(@)) <fz(9) _ fn(g))/ c R(p+1)/7€><(1>+1)/7c7 (5.3)
=1
w0 ) - (0) Lo
fi(0) := , fa(0) = . , and B(f) := P
vee(Gi(0)) vee(Gn(6) o -1,

The estimator R,(6), as well £,,(6) and L, (6) defined below, are defined so that the CQLR and
SR-CQLR tests, which employ them, are asymptotically equivalent to Moreira’s (2003) CLR test
in the homoskedastic linear IV model with fixed IV’s with p = 1 rhs endogenous variable and under
standard weak, semi-strong, and strong identification for any p > 2 rhs endogenous variables. See
Section |18/ in the SM for details. (In the nonstandard weak identification category, see Section
below, asymptotic non-equivalence is due only to the difference between fixed and random IV’s
and, in consequence, it is small.)

We define £, (6) € RPD*@+D) t6 be the symmetric positive definite (pd) matrix that minimizes
(o1 @ Q20D @ Qu(6) — Ru(®)](T1 2 020))| (5.4)
over all symmetric pd matrices ¥ € RP+DX®+1) where || - || denotes the Frobenius norm. This is

14



a weighted minimization problem with the weights given by I, 11 ® Qn 1/2 (0). In the homoskedastic
linear IV model, the population version of fin(ﬂ) has a Kronecker product form and therefore the
Kronecker product approxmation in leads to the asymptotic equivalence of the CQLR test
and Moreira’s (2003) CLR test in the homoskedastic linear IV model. We employ the weights above
because they lead to a matrix 3, (6) that is invariant to the multiplication of g;(6) and G;(8) by
any nonsingular matrix M € RF** see Lemma ﬂ below.) Let i‘jgn(ﬁ) denote the (j,/) element
of £,(0) and fzjgn(e) the (4,¢) k x k submatrix of dimension of }A%n(ﬁ) By Theorems 3 and 10 of
Van Loan and Pitsianis (1993), for j,¢ = 1,...,p + 1, the solution to is

~

S0 (8) = tr(Ryem (0)';,1(6)) /[ (5.5)

We use an eigenvalue-adjusted version of /Z\Jn(ﬁ), denoted ii(@), that improves the asymptotic
and finite-sample performance of the CQLR test by making it robust to singularities and near
singularities of the matrix that in(e) estimates. The adjustment affects the test statistic (i.e.,
S (0) # S,(6)) only if the condition number of Sy, (8) (i.e., Amax(Zn(0))/Amin (Sn(0))) exceeds 1/e.
Hence, for a reasonable choice of ¢, it often has no effect even in finite samples. Based on the
finite-sample simulations, we recommend using € = .01.

Let H € R 41 be any non-zero positive semi-definite (psd) matrix with spectral decom-
position AgAg Ay, where Ay = Diag{\g1, ..., A\may, } is the diagonal matrix of eigenvalues of H
with nonnegative nonincreasing diagonal elements and Ay is a corresponding orthogonal matrix of

eigenvectors of H. For € > 0, the eigenvalue-adjusted matrix H€ is
H® := AgAy A%y, where Ay := Diag{max{\g1, Amax(H)e}, ..., max{\ga,, Amax(H)e}},  (5.6)

where Amax(H) denotes the maximum eigenvalue of H. Note that H* = H whenever the condition
number of H is less than or equal to 1/e (for ¢ < 1). In Lemma in the SM, we show that the
eigenvalue-adjustment procedure possesses the following desirable properties: (i) H€ is uniquely
defined, (ii) Amin(H®) > Amax(H)e, (ill) Amax(H®)/Amin(H®) < max{1/e,1}, (iv) for all ¢ > 0,
(cH)® = cH®, and (v) HE — H* for any sequence of psd matrices {H,, : n > 1} with H,, — H.

That is, R;jen(6) contains the elements of R, (6) indexed by rows (j — 1)k + 1 to jk and columns (£ — 1)k to £k.
5Moreira and Moreira (2013) utilize the best unweighted Kronecker-product approximation to a matrix, as devel-
oped in Van Loan and Pitsianis (1993), but with a different application and purpose than here.
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The QLR statistic is

QLR,(0) := AR, (0) — Amin(nQn(6)), where
Q) := (2, 20)30(0), D;.0)) (0, 2(0)3n(6), D3(0)) € RETD<01), (5.7)
D;(0) := 0, 2(0) Dy(0)Li/*(6) € R¥P, Ly(0) := (6, 1,)(S5,(0) (6, 1) € R,

and 32 (6) is defined in (5.6) with H = £,(6).
The CQLR test uses a conditional critical value that depends on the k x p matrix n'/ 213:;(00).

For nonrandom D € RF*P| let
CLRy,p(D) := Z'Z — Aui((Z, D) (Z, D)), where Z ~ N(0F, I). (5.8)

Define ¢ p(D,1 — ) to be the 1 — o quantile of the distribution of CLRy, (D). For given D,
ckp(D,1 — ) can be computed by simulation very quickly and easily.

For a € (0,1), the nominal o CQLR test rejects Hy : 0 = 0 if
QLR,(00) > cip(n*2D%(60),1 — a). (5.9)

The nominal 100(1—a)% CQLR CSis CScorrn := {00 € © : QLR (0y) < ck7p(n1/2f):;(00), 1—a)}.
Next, we show that the CQLR test is invariant to nonsingular transformations of the moment

functions/IV’s. We suppress the dependence on 6 of the statistics in the following lemma.

Lemma 5.1 The statistics QLR,, ckp(nl/QZA);‘l, 1 - a), ﬁ;’ﬁ;’;, AR, in, and L, are invariant
to the transformation (g;,G;) ~ (Mg;, MG;) Yi < n for any k X k nonsingular matriz M.
This transformation induces the following transformations: G, ~> Mgy, @n ~ M@n, ﬁn ~
MQ,M', T, ~ MTj,M' ¥j < p, Dy ~» MDy, Vyy ~ (Iy1 @ M)V, (Ig1 @ M'), and R, ~
(Ipt1 ® M) Ry (Ipy1 © M').

Comment: This Lemma is used to obtain the correct asymptotic size of the CQLR test without
assuming that Apin(2r) is bounded away from zero. It suffices that Qp is nonsingular. In the
proofs we transform the moments by g; ~ Mpg;, where MpQpM}, = I, such that the transformed
moments have a variance matrix whose eigenvalues are bounded away from zero for some § > 0

(since Varp(MFpg;) = Ij) even if the original moments g; do not.
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5.2 Singularity-Robust CQLR Test

Now, we extend the CQLR test to allow for singularity of the population and sample variance
matrices of g;(6). First, we adjust D, () to obtain a conditioning statistic that is robust to the
singularity of €,(6). For 7,(6) > 1, where 7;,(6) is defined in , we define D, (0) as D, () is
defined in , but with A, (6)g:(6), ER(G)’GU(H), and Q4,,(0) in place of g;(6), G,j(0), and Qn(6),
respectively, for j = 1,...,p, where A\H(Q) and € An are defined in 1D and , respectively:

Dan(0) := (Da1n(0), ..., Dapn(0)) € R™O*P where

Dajn(8) := Gajn(8) = Tajn(0)Q44(0)gan(6) € R for j = 1,...p,

Gan(0) 1= Ay (0)'G(0) = (Ga1n(0), .., G apn(0)) € RD*P and

Tajn(0) := An(0)Tjn(0)An(0) for j =1,...,p. (5.10)

Similarly, we define Ran(6), San(0), Lan(6), and ﬁznw) just as Ry (6), £n(6), L (6), and D7 (6)
are defined in Section but with gan(6), CA?An(H), SAZA,L(O), and 7,(6) in place of g,(6), én(Q),
ﬁn(t?), and k, respectively:

Run(0) := (B(9) @ Ir,(9)) Van(0) (B(0) @ I, (5)) € RPTVTOXE+IO) | here
Van(8) := (L1 © A (8))Vn(0) (L1 ® A (9)) € REHDOX 17 (0),

S ajen(0) 1= tr(Rajen(0) Q1 (0)) /70 (0) for 5.0 =1, .,p+1, (5.11)
Lan(0) := (0,1,)(55,(0)71(0. 1,)" € R”P, D%,,(0) := 0*(0)D an(0)LY (0) € RTO)P

A, (0) is defined in 1D iAJ[n(Q) denotes the (4, ) element of £ 4,(6), and EAjgn(O) denotes the
(4, ¢) submatrix of dimension 7;,(6) x 7 (6) of Ran(6).
For 7,(0) > 0, the SR-QLR statistic is defined by

SR-QLR,(0) := SR-ARy(6) — Amin(nQan(6)), where (5.12)
Qn0) := (22 0)34n(0), D3,(0)) (93(0)3an(6), D3, (6)) € REHD¥@4),

For a € (0, 1), the nominal size « SR-CQLR test rejects Hp : 6 = 0 if

SR-QLR(00) > e, (50) p(n"* Diaa(600), 1 = @) or A7 (60)'Gu(00) # 0¥ )] (5.13)

"By definition, Ay (60) Gn(00) # 057790 does not hold if 7,(60) = k. If 7, (60) = 0, then SR-QLR,,(6o) := 0 and
Xm(Go) 1o := 0. In this case, A7 (fo) = I and the SR-CQLR test rejects Ho if . (0o) # OF.
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The nominal size 100(1 — a)% SR-CQLR CS is CSsr.corLrn = {60 € © : SR-QLR,(0y) <
¢, (00).0(1"/* D4, (00), 1 — @) and AL (8)'Gn(00) = 080} F

When 7;,(60) = k, An(fo) is a nonsingular k x k matrix. In consequence, by Lemma SR-
QLR (00) = QLR,(00) and 5, (g,) p(n*/2D%,,(60),1 — ) = ¢ p(n/2D}(6p),1 — ). That is, the
SR-CQLR test is the same as the CQLR test defined in Section Of course, when 7,(0) < k,
the CQLR test defined in Section is not defined, whereas the SR-CQLR test is. Furthermore,
if rk(Qp, (o)) = k for all n large, then 7,,(0g) = k and SR-QLR,,(0p) = QLR,(0p) wp—1 under
{F, € F5% . n > 1} (by Lemma and Lemma in the SM). Note that, if 7,(6y) < p,
then the critical value for the SR-CQLR test is the 1 — a quantile of X%‘n(b’o) (because Z'Z —
Ain((Z, D) (Z,D)) = Z'Z ~ x? in when r < p).

Section in the SM provides finite-sample null rejection probabilities of the SR-CQLR. test
for singular and near singular variance matrices of the moment functions. The results show that
singularity and near singularity of the variance matrix does not lead to distorted null rejection
probabilities. The method of robustifying the SR-CQLR test to allow for singular variance matrices,

which is introduced above, works quite well in the model that is considered.

5.3 Computation

The SR-CQLR test is relatively fast to compute. It is found to be 115, 292, and 302 times
faster to compute than the PI-CLC, MM1-SU, and MM2-SU tests, respectively, 1.2 times slower
to compute than the JVW-CLR and MVW-CLR tests, and 372 and 495 times slower to compute
than the LM and AR tests in the linear IV scenarios described in the Introduction. The SR-CQLR
test is found to be noticeably easier to implement than the PI-CLC, MM1-SU, and MM2-SU tests
and comparable to the JVW-CLR and MVW-CLR tests, in terms of the choice of implementation
parameters (see Sectionin the SM for details) and the robustness of the results to these choices.

The computation time of the SR-CQLR test increases relatively slowly with k& and p. For
example, the times (in minutes) to compute the SR-CQLR test 5000 times (using 5000 critical
value repetitions) for k = 8 and p = 1, 2, 4, 8 are .26, .49, 1.02, 2.46. The times for p = 1 and k = 1,
2,4, 8,16 ,32, 64, 128 are .14,.15,.18,.26, .44, .99, 2.22, 7.76. The times for (k,p) = (64,8) and
(128,8) are 14.5 and 57.9. Hence, computing tests for large values of (k,p) is quite feasible. These
times are for linear IV regression models, but they are the same for any model, linear or nonlinear,
when one takes as given the sample moment vector and sample Jacobian matrix.

In contrast, computation of the PI-CLC, MM1-SU, and MM2-SU tests can be expected to

increase very rapidly in p. The computation time of the PI-CLC test can be expected to increase

$By definition, if 7, (60) = k, the condition A (6o) Gn(00) = 0570 holds.
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in p proportionally to ng, where ng is the number of points in the grid of alternative parameter
values for each component of § = (61, ...,6,)", which are used to assess the minimax regret criterion.
We use nyg = 41 in the simulations reported above. Hence, the computation time for p = 3 should
be 1681 times longer than for p = 1. The MM1-SU and MM2-SU tests are not defined in Moreira
and Moreira (2015) for p > 1, but doing so should be feasible. However, even for p = 2, one would
obtain an infinite number of constraints on the directional derivatives to impose local unbiasedness,
in contrast to the k constraints required when p = 1. In consequence, computation of the MM1-SU

and MM2-SU tests can be expected to be challenging when p > 2.

6 Asymptotic Size

6.1 Definitions of Asymptotic Size and Similarity

Let RP, (0o, F, ) denote the null rejection probability of a nominal size « test with sample size
n when the null distribution of the data is F. The asymptotic size of the test for a null parameter
space F (o) is

AsySz :=limsup sup RP,(0y, F,«a). (6.1)
n—o0  FcF(fp)

The test is asymptotically similar (in a uniform sense) a the null parameter space F () if

liminf inf RP,(6o,F,«)=1limsup sup RP,(0p, F,c). (6.2)
o0 FeF(0o) n—0o0  FcF(0o)

The asymptotic size of a CS obtained by inverting tests of Hy : 6 = 6y for the parameter space
Fo :={(F,0p) : F € F(0o),0p € O} is AsySz := liﬁggfmf(Fﬁo)e?@(l — RP,(0p, F,)). The CS
is asymptotically similar (in a uniform sense) for Fg if hnni i£f inf poyez, (1 — RPy(00, F, ) =
ligl Solcl)p SUD (1 g,) e?@(l — RP, (6o, F,«)). Asymptotic size and similarity of a CS require uniformity
over the null values 6y € O, as well as uniformity over null distributions F' for each null value 6.

With the SR-AR and SR-CQLR CS’s, this additional level of uniformity does not cause complica-

tions. The same proofs for tests deliver results for CS’s with very minor adjustments.

6.2 Identification Categories

To determine the asymptotic size of a test (or CS), one needs to determine the test’s asymptotic
null rejection probabilities under sequences that exhibit: (i) standard weak, (ii) nonstandard weak,

(iii) semi-strong, and (iv) strong identification, as defined immediately below[]

9 As used in this paper, the term “identification” means “local identification.” It is possible for a value § € © to
be “strongly identified,” but still be globally unidentified if there exist multiple solutions to the moment functions.

19



Let {s;jr : j < p} denote the singular values of 9;1/2(90)EFG1-(90) in nonincreasing order (when
Qp(bo) is nonsingular)m For a sequence of distributions {F,, : n > 1}, we say that the parame-

2

ter g is: (i) weakly identified in the standard sense if limn'/2s;p < oo, (ii) weakly identified

2

in the nonstandard sense if lim n'/ 2s,p, < oo and lim n'/2s1p = oo, (iii) semi-strongly identified

if limn'/2s,r, = oo and lims,r, = 0, and (iv) strongly identified if lim s,z, > 0. For sequences

{F,, : n > 1} for which the previous limits exist (and may equal c0), these categories are mutually

exclusive and exhaustive. We say that the parameter 6, is weakly identified if lim n'/2

SpF, < 00,
which is the union of the standard and nonstandard weak identification categories. The asymp-
totics considered in Staiger and Stock (1997) are of the standard weak identification type. The
nonstandard weak identification category can be divided into two subcategories: some weak/some
strong identification and joint weak identification, see AG1 for details. The asymptotics considered
in Stock and Wright (2000) are of the some weak/some strong identification type. For example,
joint weak identification occurs in a linear IV model with p > 1 when the reduced-form coefficient
matrix converges to a matrix of ones.

The SR-CQLR statistic has a X;% asymptotic null distribution under strong and semi-strong
identification and a noticeably more complicated asymptotic null distribution under weak iden-
tification. Standard weak identification sequences are relatively easy to analyze asymptotically
because all p of the singular values are O(n~/2). Nonstandard weak identification sequences are
much more difficult to analyze asymptotically because the p singular values have different orders of
magnitude. This affects the asymptotic properties of both the test statistics and the conditioning
statistics. Contiguous alternatives 6 are at most O(n_l/ 2) from 0y when 6 is strongly identified,

but more distant when 6 is semi-strongly or weakly identified. Typically the parameter 6 is not

consistently estimable when it is weakly identified.

6.3 Asymptotic Size Results

The asymptotic size and similarity results for the SR-AR and SR-CQLR tests are as follows.

Theorem 6.1 The asymptotic sizes of the SR-AR and SR-CQLR tests defined in (4.7)) and (5.13)),
respectively, equal their nominal size o € (0,1) for the null parameter spaces fjﬁ and F5E, re-
spectively. These tests are asymptotically similar (in a uniform sense) for the subsets of these

parameter spaces that exclude distributions F under which g; = 0F a.s. Analogous results hold for

the corresponding SR-AR and SR-CQLR CS’s for the parameter spaces fgﬁR and ]:(gR.

The asymptotic size and similarity results given below do not rely on local or global identification.
0The definitions of the identification categories when Qr(0o) may be singular, as is allowed in this paper, is
somewhat more complicated than the definitions given here.
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Comments: (i) For distributions F' under which g; = 0% a.s., the SR-AR and SR-CQLR. tests
reject the null hypothesis with probability zero when the null is true. Hence, asymptotic similarity
only holds when these distributions are excluded from the null parameter spaces.

(ii) SR-LM versions of Kleibergen’s LM test and CS are defined in Section in the SM.

However, as discussed there, these procedures are only partially singularity robust.

7 Asymptotic Efficiency of the SR-CQLR Test under Strong

and Semi-Strong Identification

Next, we show that the SR-CQLR test is asymptotically efficient in a GMM sense under strong
and semi-strong identification (when the variance matrix of the moments is nonsingular and the
null parameter value is not on the boundary of the parameter space). By this we mean that it is
asymptotically equivalent (under the null and contiguous alternatives) to a Wald test constructed
using an asymptotically efficient GMM estimator and to the standard GMM LM test, see Newey and
West (1987). More specifically, we consider drifting sequences {A;, , : n > 1} of data-generating
processes taken from F5% in that correspond to strong or semi-strong identification and
establish that the SR-CQLR test statistic equals the standard GMM LM test statistic up to a op(1)
term and that the conditional critical value of the SR-CQLR test converges in probability to Xfu— o

Kleibergen’s LM statistic and the standard GMM LM statistic are defined by
~1/2p Q12%G,, (7.1)

n o~ ~
in/QGn

LM, :=ng,Q;'?P Q. Y?G, and LMSMM .— g’ O
by,

respectively, where @n is the sample Jacobian defined in with 8 = 0y and P4 denotes the
projection matrix onto the column space of the matrix A (i.e., P4 = A(A’A)"'A’ when A is full
column rank). The critical value for the LM,, and LMSMM tests is X§,1— o> the 1 —a quantile of the
X127 distribution. The test based on LMS MM i asymptotically equivalent to the Wald test based on
an asymptotically efficient GMM estimator under (i) strong identification (which requires k > p),
(ii) nonsingular moments-variance matrices (i.e., Amin(2g,) > 0 > 0 for all n > 1), and (iii) a null
parameter value that is not on the boundary of the parameter space, see Newey and West (1987).
This also holds true under semi-strong identification (which also requires k > p) . For example,
Theorem 5.1 of Andrews and Cheng (2013) shows that the Wald statistic for testing Hy : 0 = 6y
based on a GMM estimator with asymptotically efficient weight matrix has a Xz27 distribution under
semi-strong identification. This Wald statistic can be shown to be asymptotically equivalent to the

LMSEMM gtatistic under semi-strong identification. (For brevity, we do not do so here.)
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Suppose k > p. The drifting sequences {A;, ;, : n > 1} referred to above are rather complicated
and so, for brevity, we define them at the beginning of Section [27]in the SM. They are defined so
that various population quantities that affect the asymptotic distributions of the SR-CQLR test
statistic and critical value converge as n — oo. We restrict {A; , : n > 1} to be a sequence for
which Amin(EF,gi9;) > 0 for all n > 1. Most importantly, we have that, along {\; , : n > 1},
n'/2(s1p,, ..., spF, ) converges to some vector (R4, b7 ,) whose elements may be finite or infinite,
where (s1g,, ..., Spr,) denote the singular values of the population Jacobian ErG; € RF*P_ Strong
or semi-strong identification occurs if the smallest singular value of ErG; diverges to infinity after

renormalization by n'/?, i.e., if hi , = occ.

Theorem 7.1 Suppose k > p. For any sequence {Az,h :n > 1} that exhibits strong or semi-strong
identification (defined precisely in Section [27] in the SM) and for which A, , € A* Vn > 1, we have
(a) SR-QLR, = QLR,, + 0,(1) = LM,, + 0,(1) = LMFMM 4 0,(1) and

(b) ek p(n'/?D;;, 1 — ) —p X310

Comment: Theorem [7.1]establishes the asymptotic efficiency (in a GMM sense) of the SR-CQLR
test under strong and semi-strong identification. Note that Theorem [7.1] provides asymptotic
equivalence results under the null hypothesis, but, by the definition of contiguity, these asymptotic

equivalence results also hold under contiguous local alternatives.

8 Subvector Inference

We now consider subvector inference based on the AR and CQLR tests under the assumption
that the parameters not under test are strongly identified. For brevity, in this section, we assume
that the variance matrix of the moment functions evaluated at the true parameters has minimal
eigenvalue bounded away from zero. This assumption is eliminated in Section [12]in the SM.

The extension to subvector SR-AR and SR-CQLR tests is analogous to the extension of the full
vector tests described in Sections 4] and Hence, for brevity, these extensions are given in the
SM, see Section [12]

8.1 Model and Hypotheses

The model is

where the equality holds when 71 := (¢, 8')’ € © x B is the true value. Here, ® C R? and B C R’
denote the parameter spaces for 6 and [, respectively, with p,b > 1 and k — b > 1. We allow for
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the possibility that & — b < p.

We are concerned with tests of the null hypothesis

Hy : 0 =0q versus Hy : 6 # 6y (8.2)

in the presence of the nuisance parameter S and with confidence sets for 6 obtained by inverting
the tests.

The first- and second-order partial derivatives of g(W;,n) with respect to 6 and 3 are denoted
by

0 0
G(Wlan): wg(W’mn) € RkXP? Gﬁ(W’Lan) = T/@;/g(len) € RkXb7
2
Go,p(Wi,n):= WQ(Wi’”) e RP for j=1,...p, (8.3)
J

and likewise for other expressions, such as G 3(Wi,n). Let gi(n) = g(Wi,n) and gn(n) :=

n~13°" | gi(n) and likewise for other quantities, e.g.,

n

Gon(n) :=n""Y Gig(n). (8.4)

i=1

We use the notation G;; = a%jg(Wi,nO) € RF for j = 1,...,p, where 1, := (6, 5") and B*

denotes the true value of 3, and likewise for other quantities. For example, Gig,5 := %(296’ 9g(Wi,no),
82

Gig,p = WQ(WMOL and g; 1= g;(no)-
8.2 Subvector Tests for Nonsingular Moment Variance Matrices
8.2.1 Definitions of the Subvector Tests

Define

Qu(y) =~ z Gi(Mgi(n) = Gu(MGn(n)' - (8.5)

Let Bn = (,(00) denote the null-restricted two-step GMM estimator of 5. That is,

B = arﬁgfginl\%/g\n(9o,ﬁ)\!27 where 3, € RV, .3, = Q. (60, 8,,), (8.6)
S

En is a solution to with @,, replaced by Ij. Rather than using the null-restricted two-step
GMM estimator Bn, one could employ the null-restricted continuous-updating estimator of 5 (e.g.,

as suggested in Kleibergen (2005)). The same asymptotic results as below would be obtained.
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Following Kleibergen’s (2005) approach for the Jacobian, as in , we now introduce "or-
thogonalized" estimators of Erg;g; and ErG,z whose asymptotic distributions are designed to be
independent of gf , which denotes the asymptotic distribution of nl/ 2§n(90,3n), see Lemma M
in the SM. In particular, we do not estimate Erg;g, by ﬁn(eo,ﬁn). Rather, we estimate it by
Qn (o, 371), where

£~2n(n) = (an(n)a 7§kn(77)) € Rka

() 1= 0! z g1 ()i (n) — Bju(n)

o) N

2 M) Ga(n) — Gu(0)Gin(n) € RF, and

Bjulo)i= ' 35 <9i(77)gz'j(77) e Z(gs(n)gsj(n))) gin) € R for j= 1.k, (87)

s=1

where g,(n) = (g1n(n), ---» Gkn(n))’. Although it may not be obvious from the expression in (8.7)),
Qn(n) is symmetric, as desired.

Likewise, we do not estimate ErG;g by é@n(eg, Bn) We estimate it by éﬁn(eo, Bn), where

Gpn(n) = (Gp,n(n), . Gg,n(n)) € R,
Clg,n(m) := n™" 3 Gig, () = Fn(m)y ()G () € B, and (8:8)
Fin(n):=n"" 2. (G, (n) = Gan(n))gi(n)' € R¥*, where G n(n) :=n"" 2. Gig, (),
1= 1=
forj=1,...,b.
We define the following estimator J, (6o, 3,,) of (Ergig))~Y/?ErG s, which is designed to be
asymptotically independent of §f. Let

Tn(n) == Q2 ()G n(n) € RMC. (8.9)

For any matrix A with k rows, let M4 = I, — P4, where P4 denotes the projection matrix onto
the column space of A.
The subvector AR test statistic is

ARS(n) = ngn ()5 V2 () M3, (02 (1)Gn (). (8.10)

n

The superscript S denotes "subvector". The nominal size a subvector AR test (without singularity
adjustment) rejects Hy, specified in , when ARE(QO,@L) > X%—b,l—a-

The subvector QLR test statistic QLRS (0o, En) is defined as the full vector statistic is defined
in , but with (6, Bn) in place of 6, 0, Y% in place of Q;lﬂ, and the projection matrix Mjn(&ﬁn)

24



inserted as a weight matrix. In particular, let D,(6,3) € R¥*? be defined as D, (6) is defined in
(5.2), but with (0, 3) in place of 6. Then, define

QLR;(0,B,) := ARS(0,8,) — Amin(nQ5 (0, 3,)), where (8.11)
Qsn) = (%23, Din)) My (92()Gum), Di)) € ROHD*4),
Dy (n) == Q.2 ()Du(m) LY/ * () € BP, Lo(n) = (0, 1,)(S5,(n) (0, I,)' € RP*P,

5S¢ () € RPHD*@+D) s defined as in (5.6) with H = $,(n), and $,(n) is defined as in (5.3) and
(5.5) with n in place of 6.
Defining M5 ., = Iy when b = 0, the definitions of the subvector AR and QLR statistics reduce
In ()
to the full vector statistics in , except that they employ Qn 1/2 , rather than Qn 1 2
Let ¢, p(D, J,1 — «) denote the 1 — a quantile of CLRy, ,(D, J), where

CLRy (D, J) := Z'M;Z — Amin((Z, D) M;(Z, D)) and Z ~ N (0%, I,). (8.12)

The conditional critical value of the nominal size « CQLR test is ¢y, p(n /2D * (0o, B ), Jn (B0, ,6’ ), 1—
Q).

The nominal size o subvector CQLR test rejects the null in (8.2)) if

QLR (00, B,,) > crp(n'/2D}s(00, By), Jn (00, By), 1 — ). (8.13)

8.2.2 Asymptotic Size of the Subvector Tests

We make the following assumptions about the function g and the parameter space B of 3. We

denote by C7(S) the set of j-times continuously differentiable functions from a set S into R*.

Assumption gB: (a) For given 6 the domain of g is W x {6y} x B, where B is compact.
(b) Yw € W, g(w,6,-) € C°(B).

Note that Assumption gB(a) and gB(b) together imply uniform continuity of g(w, 6o, -) for any

given w € W. We use the latter to prove a uniform law of large numbers via stochastic equicontinuity.

The parameter space F in ([15.1]) needs to be altered from the case of a full vector hypothesis test
to the subvector case. Let p denote a probability measure on R"™ for which E, supge g ||9i (6o, 8)|| <
oo, where E,, denotes expectation when W; is distributed according to the measure p. For 9 > 0

and g1 € RP, let B(B*,ﬁ) ={peRr: H6+ — B|| < ¥}. We abbreviate "absolutely continuous

"'The reason 2, /2 is employed, rather than Ot , is because M5 () # Iy when b > 1. When b > 1, M5 o has
less than full rank and this has consequences for the abymptotlc results and their proofs. See the footnote followmg
(30.2) in Section [30|in the SM for details.
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with respect to" by "ac wrt" and "Radon-Nikodym derivative" by "RNd". Next, we define the
null parameter spaces for (F, %), where F' denotes the distribution of W; and 8* denotes the true
value of 3, for the subvector AR and CQLR tests. The following set F *A? R, contains the restrictions

needed to guarantee consistency of Bn and Bn Let

Fir1 = {(F.8*): Epg; = 0%, Fis ac wrt p with RNd f satisfying f < M,

inf Erg;i(0o, 2>6:,V(>0, E,su +(0o, < o0,
BeB\B(ﬁ*,C)H rgi(0o, B)||° > d¢ V¢ “5£Hg( 0:8)||

sup Er||gi(6o, 8[| < M} (8.14)
peB
for constants 6,y > 0 and M < oo. Let

ij,Q = {(Fa B*) : for B(ﬂ*’ﬂ) - 37 g(w7007') € 02(3(5*719)) Vw € Wv

E, sup ||hi(B)||<Mand sup Ep|[hi(B)||'T7 < M for hi(B) € {||g:(60, B)|I,
BeB(B*,9) BeB(5*,9)

Gis(00.B), gij (60, 8)Gis(00, B), (0%/08,,08")g:(00, B), (0°/96:08")g:(B)},
Amin(Ergig;) > 0, Tmin(ErGig) > 0} (8.15)

)

for indices j = 1,....k, m =1,...,b, and t = 1, ..., p, and constants ¢,d,v > 0 and M < oo, where
Tmin(A4) denotes the smallest singular value of the matrix AE

The null parameter space for the subvector AR test is
FgR = fiR,l N ngQ' (816)
The null parameter space for the subvector CQLR test is

F¥ = {(F.B") € Fip : max{Ep||gi(6o, 8*)|""7, Er||Gis(60, 5>+,

E#ﬂ sup  ||gi(00, B)|°, B, sup 19)\\@(90,6)!\2,

eB(5* ) BEB(B*,
sup  Erllgi(00,8)|*,  sup  Er||Gi(6o, B)|*T7} < M}}. (8.17)
BEB(B*,0) BEB(B*9)

The parameter spaces F ;Z r and F S impose correct specification of the model, impose uniform
bounds on certain moments (which ensure that laws of large numbers and central limit theorems
hold under drifting sequences of distributions), include an identifiability condition for 8* given

0o, guarantee invertibility of the covariance matrix of g;, and impose a minimum singular value

12 As with the full vector test, the asymptotic size results given below do not require G;(n) to be the derivative
matrix of g;(n). The matrix G;(n) can be any k x p matrix that satisfies the moment condition in F?.
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condition on the expected Jacobian with respect to 5 of the moment functions. The condition
B(p*,9) C B prevents * from converging to the boundary of B as n — oo. The assumption
that g is twice continuously differentiable in 8 in a neighborhood of 5* is used in the proof of
consistency and asymptotic normality of Bn under drifting sequences of null distributions for W;.

The asymptotic results allow 5* to change with the sample size.

The asymptotic size and similarity properties of the subvector AR and CQLR tests are given

in the following theorem.

Theorem 8.1 Suppose Assumption gB holds. The subvector AR and CQLR tests (without the
SR extensions), defined in and above (8.13)), have asymptotic size equal to their nominal size o €
(0,1) and are asymptotically similar (in a uniform sense) for the parameter spaces ij and FS,

respectively.

Comment: Theorem [8.1]is proved in Section [30] below.

8.3 Asymptotic Efficiency of the Subvector CQLR Test under Strong

and Semi-Strong Identification

In Section[7]it is established that the (full vector) SR-CQLR test is asymptotically efficient under
strong or semi-strong identification when 25 has eigenvalues that are bounded away from zero and
the null value 6y is not on the boundary. We next establish the analogous result for the subvector
CQLR test. We consider drifting sequences {)‘i,h € A% : n > 1} of data-generating processes
taken from F¥ in that correspond to strong or semi-strong identification and establish that
the CQLR test statistic equals the subvector LM test statistic up to a op(1) term and that the
conditional critical value of the subvector CQLR test converges in probability to X12g,1— o Note that
FS imposes the minimal eigenvalue restriction )\min(Epgig,’L») > 6 > 0. It also imposes the restriction
Tmin(ErGig) > d, which implies strong identification of f.

As in Newey and West (1987, p.780, third equation in (2.9)), define the subvector LM test
statistic as

LM = ngn(®) Q' (7) Gon () <@nn(ﬁ>’@£1(’ﬁ)@nn(ﬁ))_l G ()0, (7)Gn (), where
Gon(@) := [Ga() : Can(@)] € R0H) (8.18)

and 7 := (0o, Bn) The critical value of the subvector LM test of 1) is given by X?z,l—a'
Suppose k—b > p. The drifting sequences {)\5 5 o > 1} referred to above are rather complicated
and so, for brevity, we define them in (30.14) and (30.15) in the SM. They are defined so that

27



various population quantities that affect the asymptotic distributions of the CQLR test statistic
and critical value converge as n — oco. Most importantly, we have that, along {)\ih :n > 1},
n1/2(71Fnt*,...,TpFnt*) converges to some vector (hi i¢=,..., 1 p+) Whose elements may be finite
or infinite, where (T1g,¢*, ..., TpF,¢+) denote the singular values of O%t*(Enggg)_l/Q(EFGi)UF IS
RFE=b)xP_The latter quantity depends on the Jacobian FrG;, the moment variance matrix E F9id),
the matrix Up € R**P_ which is the population counterpart of E}/ 2 (6o, Bn), and the matrix Opy« €
RF*(k=0) " \which is defined such that Op+O'pye is a uniquely-defined population counterpart of
the projection weight matrix M 7. (")H Strong or semi-strong identification occurs if the smallest
2 4.

singular value of Oy (Ergig, )_1/ 2(EpG;)Up diverges to infinity after renormalization by nl/? ie.,

if hl,pt* = Q.

Theorem 8.2 Suppose Assumption gB holds and k — b > p. For any sequence {)\;S;h :n > 1} that
exhibits strong or semi-strong identification, we have

(a) SR-QLRS (00, B3,) = QLR () + 0,(1) = LM + 0,(1) and

(b) s g0 5,102 D%, (00,30, T3, (80, B4, 1= @) = cip(n/2D5(3), Tu 7). 1 @) +0,(1) —

2
Xpl-a-

8.4 Monte Carlo Study: Probit Model with Endogeneity

In this section we compare the finite-sample rejection probabilities (RP’s), under the null and

alternative hypotheses, of the subvector AR and CQLR tests, defined in (8.10]) and (8.13)), with two

tests in the literature. These two tests are the subvector AR-type test in Stock and Wright (2000,
Thm. 3), which we refer to as the S test, and the subvector CLR test in Andrews and Mikusheva
(2016), which we refer to as the AM test. We consider a probit model with endogeneity:

y; = Bo + Bix1i + Ox2 + u;, and
o = Zim + vay, (8.19)

where Z; = (l,xli,Z{)’ € RY is a vector of IV’s, 6 and 8 = (By,[1,7')" are parameters with
0,80,8, € R and m € RI72, x1; and x9; are scalar exogenous and endogenous regressors, respec-

tively, and the observed variables are {(yi,xli,xgi,Z)’ : 4 = 1,...,n}. The reduced form for y

3 The indexation of Opy= by t* is the result of the need to define a unique matrix Op: out of the many matrices
Ort € RF*=Y for which Op¢Of%, is a population counterpart of an(n)‘ See 430.13[) and 430.15[) in the SM for
details.
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is

y;k = 50 + leli + 92{71’ + v1;, where vy; := Ovg; + uy,

1 o
(015, v3) ~ did N(02, V), V = P71 e r2x (8.20)

po o2
for p € (—1,1) and 02 > 0, and (v1;,v;)" is independent of Z;. Also, (x4, Z}) ~ iid N(091, I, 1).
The objective is to test Hg : 8 = 0y versus Hj : 6 # 0 in the presence of the vector of nuisance

parameters (3 := (B, 51, 7') € RQE We have

E(yi|Z;) = Pr(y; = 11Z;) = Pr(y; > 0Z;) = Pr(50+ﬁ1$1¢+92ﬂ > —vii|Z;) = @(5o+51$1i+92£7T)-

(8.21)
The model implies the moment conditions Fg;(0, 3) = 0, where
(yi — (B + Brz1i + 92{7T))Zi) 9
(0, 8) := _ € R*Y. 8.22
o0y = (M TP (322

We proceed by estimating the vector of nuisance parameters 8 under the null by two-step GMM.
In the notation employed above, k =2g, b =g, and p = 1.

Given a weighting matrix W, the GMM criterion function is QnW” (0,58) = gn(0, ﬂ)’Wn/g\n(G, B).
Taking /Wn = I, the first-step GMM estimator ﬁn rg of B minimizes Q¥ (g, B). The second-step
GMM estimator 3, minimizes Q;W” (60, B), where W, :=n~1 > gi(fo, BmFS)gi(Hg, anFS)’

In the simulation results reported below, the nominal size of the tests is 5%. We take 0y = 1
(the null value of 6), 8y = 5; = 1, and o = 2. In addition to the null value, we consider three
true values of 6 on each side of the null such that the resulting RP’s of the subvector CQLR test
are roughly equal to 40%, 65%, and 90%. We let 7 € R972 be a multiple of a vector of ones with

a multiplicative constant 7. The latter determines the strength of identification of 8. We consider

4 The other nuisance parameters p and o do not enter the moment function g; defined below.

15We use the Newton-Raphson algorithm to find the two-step GMM estimator for 8. In both steps we initiate the
search from a number of starting points and do ten Newton iterations from each starting point. In particular, for
the first step estimator we use (8,,3,,7) as one starting value, where (BO,BI) is the OLS estimator of the slope
coefficients iriazegression of y — 6oz on a constant and x; and 7 is the OLS estimator in a regression of z2 on 7
and we use (8,, 81, 7) as another starting value, where 7 is the true value of the slope coefficients in the third line of
(8.19)). For the second step, we use the same starting values and also the estimator obtained in the first step. We also
experimented using an additional fifteen randomly generated starting points which had little effect on the results. In
each Newton iteration, we incorporate a step size control where along the search direction the step is divided in seven
equal parts and the next iteration proceeds from the step that yields the smallest criteron function. For numerical
stability when inverting matrices, we replace all eigenvalues of the matrices smaller than 107! by 107!, We use
e = .01 for the eigenvalue adjustment constant in . The estimator of 8 in each of the two steps is the minimizer
of the stochastic criterion function over all candidate vectors for which the criterion function was evaluated in that
step.
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16 parameter configurations consisting of all of the combinations of ¢ = 3,4 (which results in
k=6,8),p=0,9 and T = 1,.5,.2,.1. The sample size is n = 1,000. The results are based
on 5,000 simulation repetitions, and 5,000 simulation repetitions are used to simulate the critical
values for each data sample. When calculating the QLR statistic in AM, we use 60 search points
to find the infimum over 0 (see eq. (2) on p. 1575 in AM).

First, we report RP’s under the null hypothesis. Across the 16 parameter configurations, the
null RP’s of the CQLR, AR, AM, and S tests fall into the intervals [5.0%,6.7%], [5.4%, 6.8%],
[3.6%,6.5%]|, and [4.7%,5.8%], respectively. There is no apparent pattern as to how the RP’s
depend on the various parameters g, p, or T. Therefore, while there is overrejection under the null
for some parameter configurations for all four tests considered, the overrejection is at most slight
no matter what the strength or weakness of identification.

Figure 1 reports power for the four tests for p = .9 and 7™ = 1,.5,.2,.1 for ¢ = 3 (upper row)
and g = 4 (lower row) for three alternatives to the left of the null value of 6, the null value, and
three alternatives to the right of the null value. For clarity, the graphs linearly interpolate the
power between the seven 6 values. Figure SM-1 in the SM provides the corresponding results for
p = 0. As expected, the powers of all tests decrease as T decreases. Thus, the CQLR test reaches
the 40, 65, and 90% RP’s for alternatives farther from the true value the smaller is 77, with all other
parameters held constant. For example, in the upper panel of Figure 1, which reports power when
g = 3, the sum of the distances to the alternative § values to the left and right of the null value
such that the CQLR test has 90% power are roughly .48, .78, 1.82, and 3.59 for 7 = 1, .5, .2, and
.1, respectively. The powers of the tests increase as g increases from 3 to 4 (with other parameters
held constant) with the corresponding sum of the distances being roughly .43, .60, 1.34, and 3.55,
see the lower panel of Figure 1. The powers of the tests decrease as p decreases from .9 to 0 with
other parameters held constant.

In all scenarios, the AR test has higher power than the S test for alternatives to the left of the
null value of 6. It also has higher power for alternatives to the right of the null value of 6 except
in the most strongly identified case T = 1. The AM test has uniformly higher power than the AR
and S tests.

Overall, the CQLR and AM tests are the best two tests among the four tests considered. The
CQLR test has higher power than the AM test for all alternatives to the left of the null value in
14 of the 16 parameter configurations with power gains up to 16.5% when 7 = 1 (see Figure 1 with
g=4and 7 = 1) and up to 7.5% for T < .5 (see Figure 1 with ¢ = 3 and 7 = .2). The AM test
has higher power than CQLR for alternatives to the left in the two cases (¢, 7, p) = (4,.1,0) and
(4,.1,.9), e.g., see Figure 1 with ¢ = 4 and 7 = .1. For this parameter configuration the highest
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power advantage of the AM test is 23% for 0 = —.42.

The CQLR. test has comparable or slightly better power than the AM test for all alternatives
to the right of the null value except when T = 1. When 7 = 1, the power advantage of the AM test
over CQLR is between 1.2% and 2.2% when (g, 7, p) = (3,1,0) and it is is between 2.7% and 6.0%
when (g,7, p) = (4,1,0) over three three alternatives considered to the right of the null value, see
Figure SM-1.

With regard to computation time, it takes about 231 minutes to calculate 5,000 AM tests when
(g,m,p) = (4,.5,.9) under the specifications described above using an Intel Core 3.4GHz, 6MB
processor. On the other hand it only takes about 4 minutes to calculate 5,000 CQLR tests, that
is, the CQLR test is about 58 times faster to calculate. The difference in computation times is
expected to be much larger in cases where 6 is of dimension greater than 1, because the computation
time of the AM test increases exponentially in the dimension of 6, whereas the computation time of
the CQLR test does not depend on the dimension of §. Computation time is particularly important
when computing a confidence set by inverting a test, because the test has to be computed many

times.

9 Power Comparisons in Heteroskedastic/Autocorrelated

Linear IV Models

In this section, we present some power comparisons for the AR test, Kleibergen’s (2005) LM,
JVW-CLR, and MVW-CLR tests, and the SR-CQLR test introduced abovem We also consider the
plug-in conditional linear combination (PI-CLC) test introduced in I. Andrews (2016), as well as
the MM1-SU and MM2-SU tests introduced in Moreira and Moreira (2015). The PI-CLC test aims
to approximate the test that has minimum regret among conditional tests constructed using linear
combinations of the LM and AR test statistics (with coefficients that depend on the conditioning
statistic), see I. Andrews (2016) for details[] The MM1-SU and MM2-SU tests have optimal
weighted average power for two different weight functions (over the alternative parameter values 6
and the strength of identification parameter vector u, given in below) among tests that satisfy
a sufficient condition for local unbiasedness['¥]

We consider the same designs as in I. Andrews (2016, Sec. 7.2). These designs are for het-

15See (4.2), (7.1), and a footnote in Section of the SM for the definitions of the AR test and Kleibergen’s
LM, MVW-CLR, and JVW-CLR tests. The AR test is called the S test in Stock and Wright (2000). The LM and
JVW-CLR tests are denoted by K and QCLR, respectively, in I. Andrews (2016).

1"The PI-CLC test does not possess an optimality property because it does not actually equal the minimum regret
test.

"8The weight functions considered depend on the variance parameters ¥y¢ and Ygg in li below.
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eroskedastic and/or autocorrelated linear IV models with p = 1 and k& = 4. The designs are cali-

brated to mimic the linear IV models for the elasticity of inter-temporal substitution estimated by

Yogo (2004) for eleven countries using quarterly data from the early 1970’s to the late 1990’s. The

power comparisons are for the limiting experiment under standard weak identification asymptotics.

In consequence, for the simulations, the observations are drawn from the following model:
021112, (60) o Iy Zya

o N ~ N , (9.1)
0201126, (60) I Y6 Zea

for # € R, p € R*, and Yya,26a € RFXk where Y4q and Mg are assumed to be known@@
The values of p, ¥4q, and Xgg are taken to be equal to the estimated values using the data from
Yogo (2004)@ A sample is a single observation from the distribution in and the tests are
constructed using the known values ¥, and Z‘Gc;@ The hypotheses are Hy : § = 0 and Hy : 0 # 0.

Power is computed using 10,000 simulation repetitions for the rejection probabilities, 10,000
simulation repetitions for the data-dependent critical values of the MVW-CLR, JVW-CLR, and
SR-CQLR tests, and two million simulation repetitions for the critical values for the PI-CLC tests
(which are taken from a look-up table that is simulated just one time).

Some details concerning the computation and definitions of the SR-CQLR, PI-CLC, MM1-SU,
and MM2-SU tests are as follows. The SR-CQLR test uses € = .01, where ¢ appears in the definition
of En(e) in For the PI-CLC test, the number of values "a" considered in the search over
[0, 1] is 100, the number of simulation repetitions used to determine the best choice of "a" is 2000,
and the number of alternative parameter values considered in the search for the best "a" is 41.
For the MM1-SU and MM2-SU tests, the number of variables in the discretization of maximization
problem is 1000, the number of points used in the numerical approximations of the integrals Al
and h2 that appear in the definitions of these tests is 1000, and when approximating integrals hl
and h2 by sums of 1000 rectangles these rectangles cover [—4, 4].

The asymptotic power functions are given in Figure 2. Each graph is based on 41 equi-spaced

YIn linear IV models with i.i.d. observations, the matrix ¥, is necessarily symmetric. However, with autocorre-
lation, it need not be. In the eleven countries considered here, it is not.

20The variance matrix in the limit experiment varies slightly depending on whether one treats the IV’s as fixed or
random. For example, the asymptotic variance of n*2G, (o) under standard weak IV asymptotics varies slightly in
these two cases. Power results for the SR-CQLRp test that is introduced in the SM when the limiting variance is
computed using fixed IV’s are equivalent to those computed for the SR-CQLR test for the case where the limiting
variance is computed using random IV’s. In consequence, we do not separately report power results for the SR-CQLR p
test.

?18ee I. Andrews (2016, Appendices D.3 and D.4) for details on the calculations of the simulation designs based on
Yogo’s (2004) data, as well as for details on the computation of I. Andrews’ PI test, referred to here as PI-CLC, and
the two tests of Moreira and Moreira (2013), referred to here and in I. Andrews (2016) as MM1-SU and MM2-SU.
The JVW-CLR and LM tests here are the same as the QCLR and K tests, respectively, in I. Andrews (2016).

22For example, I';, (o) in is taken to be known and equal to Xj ¢, and Vi (60) in is taken to be known
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Table I. Shortfalls in Average-Power (x100)

Country @'p non-Kron SR-CQLR JVW MVW PI-CLC MM1 MM2 LM AR

Australia 138 17 .0 1 1 2 2.4 1 1 6.9
Canada 48 5 .0 .0 .2 .0 1.4 b 3 6.8
France 79 6 1 .2 .0 3 .7 3 .0 8.0
Germany 10 3 .0 1 4 .0 2 A 23 6.5
Italy 84 15 5 1.1 2.0 2 1.1 .0 2.6 5.5
Japan 17 14 3.3 3.2 8.9 4 .0 24 174 .6
Netherlands 25 3 .0 2 1 2 .9 .5 1.6 6.6
Sweden 174 9 3 2 3 2 1.5 .0 375
Switzerland 31 4 1 .0 .0 4 1.3 1.1 .5 7.2
U. K. 53 38 7 6.0 5.4 .8 2.5 .0 7.8 3.8

U.S. 81 10 .8 2.0 2.9 .0 7.3 .8 3.5 3.2
Average over Countries .5 1.2 1.8 2 1.8 .5 3.3 5.7

values on the x axis covering [—6, 6]. The x axis variable is the parameter 6 scaled by a fixed value
of ||u]| for a given country, thus 0||u|| € [—6, 6], where 0 is the alternative parameter value (when
0 # 0) defined in and p is the mean vector that determines the strength of identification. The
y axis variable is power x100.

Table I provides the shortfall in average-power (x100) of each test for each country relative
to the other seven tests considered, where average power is an unweighted average over the 40
alternative parameter values. Table II provides the mazimum power shortfall (x100) of each test
for each country relative to the other seven tests considered, where the maximum is taken over the
40 alternative parameter values@ The shortfall in average-power is an unweighted average power
criterion, whereas the maximum power shortfall is a minimax regret criterion.

The last row of Table I shows the average (across countries) of the shortfall in average-power
(x100) of each test. This provides a summary measure. Similarly, the last row of Table II shows
the average (across countries) of the maximum power shortfall (x100) of each test.

The second and third columns of Table I provide the concentration parameter, p'p, which
measures of the strength of identification, and a non-Kronecker index, abbreviated by non-Kron,

which measures the deviation of the variance matrix in (9.1)), call it ¥, from a Kronecker matrix.

and equal to the variance matrix in .

?3The numerical results are unchanged when e = .001 or .05.

24More precisely, let AP,. denote the average power of test ¢ for country ¢, where the average is taken over the 40
parameter values in the alternative hypothesis. By definition, the shortfall in average-power of test t for country c is
maxs<g APsc — AP;., where the maximum is taken over the eight tests considered.

Let Pic(0) denote the power of test ¢ in country c¢ against the alternative 6. By definition, the power shortfall of
test ¢ in country c for alternative 0 is maxs<g Psc(0) — Pic(0) and the mazimum power shortfall of test ¢ in country ¢
is maxgeeo,, (maxs<g Psc(0) — Pic(6)), where ©49 contains the 40 alternative parameter values considered.

Note that, as defined, the shortfall in average-power is not equal to the average of the power shortfalls over 6 € ©4¢.
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Table II. Maximum Power Shortfalls (x100)

Country @'p non-Kron SR-CQLR JVW MVW PI-CLC MM1 MM2 LM AR
Australia 138 17 b .6 .8 1.0 8.2 1.3 9 172
Canada 48 5 .6 .5 .9 7 5.4 3.0 1.7 17.7
France 79 6 7 .8 b 1.0 3.0 1.6 4199
Germany 10 3 .8 .8 2.2 .6 1.0 .8 10.6 18.4
Italy 84 15 4.4 5.7 6.5 3.9 9.7 2.3 7.1 177

Japan 17 14 21.3 41.4 44.9 8.6 10.1  13.6 858 11.9
Netherlands 25 3 9 1.1 9 1.4 3.9 3.3 8.2 18.6
Sweden 174 9 1.0 .6 1.0 7 4.9 4 1.1 19.6
Switzerland 31 4 b 3 .5 1.6 4.8 5.5 1.4 18.8
U. K. 53 38 8.4 27.3 23.2 9.0 20.6 7.1 37.0 14.7

U.S. 81 10 5.2 9.0 10.2 2.6 27.7 5.1 11.7 124
Average over Countries 4.0 8.0 8.3 2.8 9.0 4.0 149 170

This deviation is given by the formula 1,000 x ming ¢ ||B ® C' — V||, where the minimum is taken
over symmetric pd matrices B and C of dimensions 2 x 2 and 4 X 4, respectively, || - || denotes
the Frobenius norm, and the rescaling by 1,000 is for convenienceFE] Germany, Japan, and the
Netherlands exhibit the weakest identification, while Sweden and Australia exhibit the strongest.
The U.K., Australia, Italy, and Japan have variance matrices that are farthest from Kronecker-
product form, while Germany, the Netherlands, and Switzerland have variance matrices that are
closest to Kronecker-product form.

The test that performs best in Tables I and II is the PI-CLC test, followed closely by the
SR-CQLR and MM2-SU tests. The difference between these tests is not large. For example, the
difference in the average (across countries) shortfall in average-power (not rescaled by multiplication
by 100 in contrast to the results in Table I) of the PI-CLC test and the SR-CQLR and MM2-SU
tests is .003. This small power advantage is almost entirely due to the relative performances for
Japan, which exhibits very weak identification and moderately large non-Kronecker index.

The remaining tests in decreasing order of power (in an overall sense) are the JVW-CLR, MVW-
CLR, MM1-SU, LM, and AR tests. Not surprisingly, the LM and AR tests have noticeably lower
power than the other tests in an overall sense, and the AR test has noticeably lower power than
the LM test.

We conclude that the SR-CQLR test has asymptotic power that is competitive with, or better
than, that of other tests in the literature for the particular parameters considered here in the

particular model considered here. The SR-CQLR test has advantages compared to the PI-CLC,

25 The non-Kronecker index is computed using the Framework 2 method given in Section 4 of Van Loan and Pitsianis
(1993) with symmetry of C imposed by replacing A;; by (Ai; + Aj;)/2 in equation (9) of that paper.
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MM1-SU, and MM2-SU tests of (i) being applicable in almost any moment condition model, whereas

the latter tests are notm (ii) being easy to implement (i.e., program), and (iii) being fast to compute.

26The PI-CLC test does not apply to moment condition models with possibly singular variance matrices. The
MM1-SU and MM2-SU tests apply only to the linear IV model with errors that may be heteroskedastic and/or
autocorrelation.

35



References

Anderson, T. W., and H. Rubin (1949): “Estimation of the Parameters of a Single Equation in a
Complete Set of Stochastic Equations,” Annals of Mathematical Statistics, 20, 46—63.

Andrews, D. W. K., and X. Cheng (2013): “GMM Estimation and Uniform Subvector Inference
with Possible Identification Failure,” Econometric Theory, 30, 1-47.

Andrews, D. W. K., X. Cheng, and P. Guggenberger (2009): “Generic Results for Establishing
the Asymptotic Size of Confidence Sets and Tests,” Cowles Foundation Discussion Paper No.

1813, Yale University.

Andrews, D. W. K., and P. Guggenberger (2010): “Asymptotic Size and a Problem with Subsam-
pling and the m Out of n Bootstrap,” Econometric Theory, 26, 426—468.

—— (2017): “Asymptotic Size of Kleibergen’s LM and Conditional LR Tests for Moment
Condition Models,” Econometric Theory, 33, 1046—1080.

(2018): “Supplemental Material to ‘Identification- and Singularity-Robust Inference for
Moment Condition Models’,” Cowles Foundation Discussion Paper No. 1978R, Yale Univer-
sity.

Andrews, D. W. K., V. Marmer, and Z. Yu (2018): “On Optimal Inference in the Linear IV
Model,” Cowles Foundation Discussion Paper No. 2073R, Yale University.

Andrews, D. W. K., M. J. Moreira, and J. H. Stock (2006): “Optimal Two-sided Invariant Similar

Tests for Instrumental Variables Regression,” Fconometrica, 74, 7T15-752.

(2008): “Efficient T'wo-sided Nonsimilar Invariant Tests in IV Regression with Weak In-

struments,” Journal of Econometrics, 146, 241-254.

Andrews, 1. (2016): “Conditional Linear Combination Tests for Weakly Identified Models,” Econo-
metrica, 84, 2155-2182.

Andrews, 1., and A. Mikusheva (2016): “Conditional Inference with a Functional Nuisance Para-

meter,” Fconometrica, 84, 1571-1612.

Berry, S., J. Levinsohn, and A. Pakes (1995): “Automobile Prices in Market Equilibrium,” Econo-
metrica, 60, 889-917.

36



Caner, M. and N. Yildez (2012): “CUE with Many Weak Instruments and Nearly Singular Design,”
Journal of Econometrics, 170, 422-441.

Chan, W. H., and J. M. Maheu (2002): “Conditional Jump Dynamics in Stock Market Returns,”
Journal of Business and FEconomic Statistics, 20, 377-389.

Chernozhukov, V., C. Hansen, and M. Jansson (2009): “Admissible Invariant Similar Tests for

Instrumental Variables Regression,” Econometric Theory, 25, 806—818.

Elliott, G., U. K. Miiller, and M. W. Watson (2015): “Nearly Optimal Tests When a Nuisance
Parameter Is Present Under the Null Hypothesis,” Econometrica, 83, 771-811.

Grant, N. (2013): “Identification Robust Inference with Singular Variance,” Economics Discussion

Paper No. 1315, Department of Economics, University of Manchester.

Guggenberger, P., J. J. S. Ramalho, and R. J. Smith (2012): “GEL Statistics Under Weak Iden-
tification,” Journal of Econometrics, 170, 331-349.

Guggenberger, P., and R. J. Smith (2005): “Generalized Empirical Likelihood Estimators and
Tests Under Partial, Weak and Strong Identification,” Fconometric Theory, 21, 667-709.

Han, S. and A. McCloskey (2018): “Estimation and Inference with a (Nearly) Singular Jacobian,”

unpublished working paper, Department of Economics, University of Texas at Austin.

Hansen, L. P. (1982): “Large Sample Properties of Generalized Method of Moments Estimators,”
FEconometrica, 50, 1029-1054.

Jagannathan, R., G. Skoulakis, and Z. Wang (2002): “Generalized Method of Moments: Applica-

tions in Finance,” Journal of Business and Economic Statistics, 20, 470-481.

Jorion, P. (1988): “On Jump Processes in the Foreign Exchange and Stock Markets,” Review of
Financial Studies, 1, 427-425.

Kleibergen, F. (2005): “Testing Parameters in GMM Without Assuming That They Are Identi-
fied,” Econometrica, 73, 1103-1123.

(2007): “Generalizing Weak Instrument Robust IV Statistics Towards Multiple Parame-
ters, Unrestricted Covariance Matrices and Identification Statistics,” Journal of Economet-

rics, 139, 181-216.

Mikusheva, A. (2010): “Robust Confidence Sets in the Presence of Weak Instruments,” Journal
of Econometrics, 157, 236-247.

37



Montiel Olea, J. L. (2012): “Efficient Conditionally Similar-on-the-Boundary Tests,” unpublished

manuscript, Department of Economics, New York University.

Moreira, H., and M. J. Moreira (2015): “Optimal Two-Sided Tests for Instrumental Variables Re-
gression with Heteroskedastic and Autocorrelated Errors,” unpublished manuscript, available

at arXiv:1505.06644.

Moreira, M. J. (2003): “A Conditional Likelihood Ratio Test for Structural Models,” Economet-
rica, 71, 1027-1048.

Newey, W. K., and K. West (1987): “Hypothesis Testing with Efficient Method of Moments

Estimation,” International Economic Review, 28, 777-787.

Otsu, T. (2006): “Generalized Empirical Likelihood Inference for Nonlinear and Time Series

Models Under Weak Identification,” Econometric Theory, 22, 513-527.
Robin, J.-M., and R. J. Smith (2000): “Tests of Rank,” Econometric Theory, 16, 151-175.

Smith, R. J. (2007): “Weak Instruments and Empirical Likelihood: A Discussion of the Papers
by D. W. K. Andrews and J. H. Stock and Y. Kitamura,” in Advances in Economics and
Econometrics, Theory and Applications: Ninth World Congress of the Econometric Society,
Vol. III, ed. by R. Blundell, W. K. Newey, and T. Persson. Cambridge, UK: Cambridge
University Press. Also available as CEMMAP Working Paper No. 13/05, UCL.

Staiger, D., and J. H. Stock (1997): “Instrumental Variables Regression with Weak Instruments,”
FEconometrica, 65, 557-586.

Stock, J. H., and J. H. Wright (2000): “GMM with Weak Identification,” Econometrica, 68,
1055-1096.

Van Loan, C. F., and N. Pitsianis (1993): “Approximation with Kronecker Products,” in Linear
Algebra for Large Scale and Real-Time Applications, ed. by M. S. Moonen, G. H. Golub, and
B. L. R. de Moor, 293-314. Amsterdam: Kluwer Academic Publishers.

Yogo, M. (2004): “Estimating the Elasticity of Intertemporal Substitution When Instruments Are
Weak,” Review of Economics and Statistics, 86, 797-810.

38



3/4

1004

Yandm=1,.5,.2,.1; first/second row g

100

FIGURE 1: Power of CQLR, AM, S, and AR as function of 8 for p
100+

o o o o o
© © < Y
o o o o o o
S © © < Y
e

1.1

0.7 08 09

1004

0.7 0.8 0.9

1.3



FIGURE 2: Power of SR-CQLR and other tests as function of @ for model of Yogo (2004)
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FIGURE 2: Power of SR-CQLR and other tests as function of @ for model of Yogo (2004)
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