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A two-layer model for the separation of inertial
boundary currents’

Dennis W. Moore and Pearn P. Niiler

Nowa Uniwversity
Fort Lauderdale, Florida 33314

1. Introduction

The problem of the steady circulation in an inviscid, two-layer ocean is
solved in the limit of small mid-oceanic Rossby number. The model is not new.
Certain aspects of the problem have been treated by Fofonoff (1954 and 1962),
Deacon et a/ (1955), Charney (1955), Morgan (1956), Stommel (1958),
Robinson (1963), Blandford (1965), Jacobs (1968), and Schmitz (1969). Their
efforts to explain the relevance of the model to the real ocean are considered
more than adequate, and no such effort will be made here. At various stages of
the analysis, the connection with some of these previous works will be pointed
out. The main thrust of this paper is the mathematical treatment of the separa-
tion of the western boundary current from the coast and its subsequent steady
meandering across the ocean basin. The solution to the circulation problem is
obtained by the method of matched asymptotic expansions. In this model, the
flow is confined to the upper layer, in which the potential vorticity is every-
where positive.

2. Equations of the model

The equations of motion and continuity in non-dimensional form are

e(UUz+ VUy)—fV+Dz= o, (2.1)
e(UVz+VVy)+fU+Dy= o, (2.2)
and (UD)z+ (V'D)y= o0, (2.3)

(cf. equations 1-3 of Charney, 1955).
The dimensionless velocity component in the eastward (x) direction is U
and in the northward (y) direction is /, and the dimensionless depth of the
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457



458 Fournal of Marine Research [32,3

upper layer is D. The dimensionless Coriolis parameter is given by f =1 +y.
Horizontal distances have been non-dimensionalized with respect to R tan 6,
where R is the earth’s radius and 6, is the latitude where y = o. The depth of
the upper layer is non-dimensionalized with respect to Ho, the nominal depth

AQgHo
gofo R tan 0o
of the lower (motionless) layer, Ap is the density difference between the two
layers, g is the acceleration due to gravity, and fo is the value of the Coriolis

AQgHo
0ofo? R tanz 0’
which is also the square of the ratio of the internal Rossby radius of deformation
to the length scale of the basin.

The boundary conditions are that U =0 on ¥ =0 and ¥ = x0 and /' = o
on y = 0 and y = yo, provided that D> o0 on these boundaries. Furthermore,
there is a natural boundary condition on any line along which D = o, namely
that there is no transport across such a line. The above equations and boundary
conditions do not constitute a well-set problem without some specification of
the vorticity distribution in the fluid. Note that all non-trivial solutions to the
above equations with the specified boundary conditions will consist of a closed

gyre or gyres.
It is convenient to introduce the transport stream function y defined by

UD = —yy, (2'4‘)
and VD = yg, (2.5)

of the warm layer. The velocity scale is , where go is the density

parameter at y = 0. The Rossby number is given by & =

(cf. equation 6 of Charney, 1955).

There are two exact first integrals of equations (2.1) —(2.3) which may be
obtained very simply in the following manner. Equations (2.1) and (2.2) may
be rewritten in the form

i{i(UmeD}—VD{ Vs DUy“f} o, (2.6)
and
y(s @+ PR opf a0 )

Dy)+f}

It is then convenient to define the Bernoulli energy

=§(U¢+V’)+D,

and the potential vorticity
e(Vu—Uy) +f

Pl
D
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Using these definitions and the definition of the transport stream function
allows equations (2.6) and (2.7) to be written as

By—y:P = o, (2.8)

and
By—yy P = o. (2.9)
Multiplying equation (2.8) by — v, and equation (2.9) by y, and adding gives
¥z By—yyBz=J(y,B) = o, (2.10)
which implies that B = B(y). It then follows from either equation (2.8) or

dB

(2.9) that P = P(y) = 70 (cf. Fofonoff (1962), equations 110—-114). There-

fore the Bernoulli function and potential vorticity are conserved on each
streamline.

In the model explored here, the simplest possible choice for B(y) is made,
namely

E fe
B o Po’(/)'i' 2Po’

where P, is a constant and f, is the value of the dimensionless Coriolis para-
meter at some latitude y = y,. The potential vorticity therefore is constant
everywhere and equal to P,. Such a simple choice may seem to be a severe
restriction on the class of available solutions. There seems to be no reason to
choose a more complicated function B(y) (see Section 11). In fact, the analysis
of even this simple case is moderately difficult. The essential features of the
circulation discussed here can be easily extended to a wide class of function B(y)
satisfying certain restrictions. These restrictions will be stated during the anal-
ysis of the simplest case, and the relation of this work to previous efforts in-
volving more complicated choices for B(yp) will be discussed. Furthermore, no
generality is lost by choosing P, = 1, for the dependence on P, can be removed
by scaling U, 7 and D by (};), w by (P’_z) and ¢ by Ps.
0 0

The equations for the conservation of Bernoulli energy and potential vorticity

now become

E(Uz_,_ V2)+D=’/J+f5‘c) (2.11)
and

e(Vz—Uy)+f=D. (z:12)

For typical oceanic values of the parameters, the Rossby number e is on the
order of 10-4. In the following analysis, we develop the asymptotic solution for
the circulation pattern in the limit of small .



460 Fournal of Marine Research [32;3

27 Do)

-

P
[o,0] 1 [x,0] x

Figure 1. Schematic representation of the circulation pattern. In the case illustrated, the flow in the
boundary layer along y = o is to the west (see Section 10).

3. Synopsis of the analysis

The analysis we present involves the derivation and solution of various
asymptotic approximations to the equations of Section 2. These approxima-
tions are valid in the limit e o. Many different regions are distinguished, each
of which is characterized by a specific e-dependence for both the dependent and
independent variables. The purpose of this section is to describe how the various
regions fit together, and to present an overview of the circulation pattern.

In the interior of the basin, the flow is a slow westward drift, and the depth
of the moving layer increases linearly with latitude. This flow encounters the
meridional boundary and is deflected to the north as an intense, narrow inertial
boundary current. The width of the current is O(e'/z) and the northward
velocity is O(e=*/2). The depth of the moving layer on the western coast de-
creases to the north, and the interface surfaces near an apparent separation
latitude f = f.. At this latitude, the jet leaves this coast but remains coherent
with cross-stream width of O (et/2). It leaves the coast going nearly parallel to
it, with an initial deflection through an angle which is O (&¥1°). The free jet
meanders to the east, while oscillating about the latitude f = f, with an O(&/4)
amplitude and O(e'/4) downstream wavelength. We present solutions that are
symmetric about the mid-longitude of the basin. The overall circulation pattern
is presented schematically in Figure 1.
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The major part of the analysis is concerned with the details of the transition
from a western boundary current to a free inertial meander, the so-called sepa-
ration process. In this model, separation occurs when the depth of the moving
layer right at the boundary goes to zero, and the 9 = o streamline leaves the
coast. Much of the analysis is concerned with determining the behavior of the
layer depth at the coast as a function of latitude. This analysis begins by noting
that near f = f, the solution for the flow in the western boundary current is
singular. In this solution, the layer depth at the coast goes to zero like |/fo—f,
so that Dy is singular. The U component of flow becomes large, and the scaling
arguments used to derive the approximate solutions for the western boundary
current are not valid near f = f.

The appropriate rescaling there is then derived. The relevant length scale
in the y direction near f = f is O(&¥5), and the corresponding velocity U is
O(e'5). This choice makes the dimensional Uy, comparable to # (= fo R
cot flo). The northward velocity component # remains O (e~/2). In this region,
the current is deflected uniformly through an angle which is O (&3/*°), except in
a very narrow region (O (&7/'°)) near the coast. In this narrow region, the depth
D of the moving layer is small (O (&'/5)). Again, the layer depth at the coast goes
to zero, but this time with a finite slope (D, is no longer singular). However,
a detailed examination of the validity of these solutions reveals that the scaling
approximations used to derive them again become invalid before the inter-
face actually surfaces.

To describe the mechanism for the actual separation, a further rescaling is
found to be necessary. The relevant new x and y scales are O (er1/10) and O (#/)
respectively. The scales of Uand Fare O(e="/5)and O(e1/2) as before, but D is
O(£3/5). The equations for the flow in this region are exactly analogous to the
non-linear shallow water equations for one-dimensional time dependent flow
over a uniformly sloping beach, with a seawall at x = 0. The physical mechanism
for separation is completely revealed by this analogy.

Figure 2 is a detailed schematic representation of the various regions just
described, in which the transition from western boundary current to free in-
ertial jet is accomplished.

4. The geostrophic interior

In the interior region of the ocean away from longitudinal boundaries, the
non-dimensional equations are assumed to be correctly scaled as written. All
fields are taken as O(1) quantities and expanded in power series in ¢. The in-
terior solution will be denoted by a subscript 1. It is

Vi = 0(e), (4.1)
D = f+0(e), (4.2)
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Figure 2. Schematic representation of the various regions involved in the transition from the western
boundary current to the free inertial meander. The definitions of the various independent
variables for the different regions are found in the text.

pr - [ —2‘] +0(e), (+3)

and

s "7‘ +0(e). (4-4)

Since f = 1 +y, the interior depth is linear in y, and so is the transport stream
function. The zonal velocity, Us, is decreasing to the north like 1/f, so the
interior transport per unit width is constant and to the west.

It is clear from equation (4.3) that ;= 0 on y = o only if fo = 2. It will be
assumed not that f;= 2, but that fo= 2 +0(1). Just how big this o(1) correc-
tion to f is, and the necessity for it, will become clear in Section 0. The im-
portant point to note is that regardless of the value of f, the geostrophic in-
terior solution does not satisfy the boundary condition that U = 0 on » = 0 and
x = xo. The assumption that the original scaling of the equations is correct
must be modified near the meridional boundaries.
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5. The western boundary current

The slow interior flow encounters the boundary at x = 0 and is deflected to
form a current along the western boundary. Clearly, the non-dimensional
length and velocity scales associated with this deflection are not O(1). This was
recognized by Charney (1955). He showed that the natural width for this
boundary current is the radius of deformation, and also determined the cor-
responding velocity scale. In the notation of this paper, the horizontal scale of
this current is /2. The x-coordinate is rescaled by

X — sl/zé:’

and the northward velocity / by

V=¢1l29,.

In this boundary layer region, all fields are denoted by a subscript 2.
Assuming that all other scales are unchanged, the equations are

W25—8U2y+f= Dl, (5'1)
8(U2U2§+‘712U2y) —f‘Uz+D2$= 0, (52)
€. I o
5U2+;‘Uz T D= 1#2""20; (5-3)
U.D2= —pay, (5-4)
and v, Dy = Pag- (55)

The boundary conditions for the solution of equations (5.1) —(5.5) are that
U.=p2=0on & = 0, and v,—> 0, Y2—> 1, and U,—> U as £— .

All dependent variables are expanded in power series in &, e.g., va(&,y) =
Vao(£,y) + eva1(E,y) + €v22(&,y) + O(&3). To leading order equations, (5.1)—
(5.5) become

’Uzog+f= Dzo, (56)

~foso+ Diog = 0, (57)

L i+ Dao= pant L, (58)

UzD3o = — Yaoy, (59)

and V20 D20 = Yaog- (5-10)

Is is seen that the boundary current described by this system is an intense
flow to the north, which is in geostrophic balance in the cross-stream direction.
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In the current, the relative vorticity is comparable to the planetary vorticity,
and the inertial acceleration terms in the north-south momentum equation (not
written here) are comparable with the Coriolis force and pressure gradient.
Therefore, this kind of boundary layer is called “inertial”.

The explicit solution is obtained by differentiating equation (5.6) with re-
spect to & and substituting into equation (5.7). There results an equation for
V20, WhiCh iS

WZOEE':f‘UZO- (S.II)
The solution for w., which satisfies the boundary conditions as £— = is
V20 = /12(}’)6_1/?5, (5.12)

where A4,(y) is to be determined from the conditions at & = o.
From equation (5.6) it follows that

D20=f— ]/?Az(_y)e—l/ﬁ (513)

Evaluating ;0 and Dy on & = 0 and substituting into the Bernoulli equation
(5.8) with ya0 = 0 gives a quadratic equation for .. The root of this equation
which corresponds to Dz >0 on & = 0 is

2= Vf-Vfe—f (5.14)

The problem just presented was first discussed by Stommel (Deacon, et /.,
1955), who chose A4, = ]/7, which corresponds to Djo (& = 0,y) = o for all
y. Robinson (1963) noted that Stommel’s solution was associated with an un-
bounded Us at £ = o in such a way that & = o0 was not a streamline. Robinson
gave the correct solution corresponding to the boundary condition ;0= 0 on
&=o.

It can now be seen that the depth D, on the wall & = o is given by

Dio(0,9) = Vf(fe=1)» (5-15)

and the moving layer apparently surfaces as f— f.. We now calculate both 20
and U, in order to determine the actual magnitude of the terms omitted in
deriving equations (5.6) —(5.10) from (5.1)—(5.5). From this we will show
that the actual surfacing of the warm layer cannot be accurately described by
equations (5.6) —(5.10). We will determine the range of y for which these
equations are valid. The 20 field may be obtained directly from equation (5.8),
or just as easily by multiplying equation (5.7) by D,, and integrating in & to

find that the quantity (f'w;,o— D"‘°) is independent of &. Therefore, by

2
matching to the interior as £— @, 95 is found to be
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I

YPao = :Tf[DEO —f(fc—f)] g (5 1 6)

The east-west velocity Us, is now computed by substituting w20 and Do, into
equation (5.9). The result may be written in the form

_2f—fe
Ve by l

e —— (5-17)
o 3,2 2)+ g U 27+ (fempi@-n1 [
where Z = e~ V5&.

The terms on the second line are well behaved, for all values of & and f
<fe, but the term on the first line becomes infinite as f— f. for all £>o.
Thus, it is clear that the assumption that U remains O(1) breaks down as
f—f¢, and the solutions obtained here become invalid as the flow approaches
this latitude. The latitude f = f, will be referred to as the apparent separation
latitude, since D apparently vanishes on & = o0 as f— f.. The breakdown of the
scaling assumptions of (5.1) —(5.5) near this latitude will now be discussed in
detail.

6. The validity of the boundary current approximation near the
apparent separation latitude

Let y’ = f.—f measure distance to the south of the apparent separation lati-
tude. Then for & = O(1) and ' small, the w20, D20, and U, fields from the

previous section may be written as

vao = (Yfe= )y )eVIeE + O(y), (6.1)
Dao=fo(1 —e~VIcE) + )/fey e VIeE+ O(y'), (6.2)
and
e l/fcé
==t = =G 6.
2Vioy (1). (6.3)

Note that the largest term in Us is simply obtained from f Uz = — Doy,
which means that it is determined geostrophically; this is because o(y'~1/z)
terms in UszoVz0£ + V2020, cancel exactly.

We now compare the —¢U,, term, which was dropped from equation (5.1)
to obtain equation (5.6), with typlcal retained terms. Comparing

= £Uzoy = EUzoyl = 0(8}’,_3/2)

to a typlcal O(1) term (e.g., f = f), we see that if y" is O(&%3), the neglected
term is O(1). If y' is O(£%/3), Uzo is O (e~"/3), which suggests rescaling y" and U
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according to these scales. However, when this is done, we find by integrating
the rescaled equations that the y, /, and D fields are independent of latitude
to leading order. Then we conclude from the rescaled form of equation (5.1)
that the O (e="/3) piece of the U field is at most linear in latitude, and will not
match the U, field given by equation (6.3). Therefore, this scaling doesn’t
work, in that the solution to the resulting equations will not match the up-
coming fields.

We note in passing that a U scale of O (e~/2), which would make the ¢U?/2
term in equation (5.3) an O(1) term, would imply (from equation (6.3)) a y’
scale of O(e). In that case, the leading term in the rescaled form of equation
(5.1) would imply U is again independent of latitude. Therefore, this scaling
does not work either. In fact, there is no rescaling consistent with equation (6.3)
for which terms multipled by ¢ in equations (5.1)—(5.3) are comparable to the
O(1) terms in those equations.

The next possibility is that ¢U,, is comparable to an O(y'*/2) term (e.g., the
[/fey' e=Viek in the term wso,). Again from equation (6.3) this implies that y
= O(er/2) and U = O(&~*/4). This rescaling was done and the resulting equa-
tions were solved to two orders in e'/4. The leading piece of the U field is
found in the second order calculation, but will not match the form of equation
6.3).

: We have now presented, without demonstrating the details, three possible
scalings that do not work. The algebra is straight-forward but laborious, and
serves no useful purpose by itself. We simply wished to demonstrate how we
arrived at the rescaling which produces the first cogent set of equations for the
flow near the separation latitude. We proceed to the correct rescaling by
making eUy,, in equation (5.1) comparable to y’ (e.g., the y" term in f = fe—y').
In dimensional terms, this means that the first breakdown of the solu-
tion in the western boundary current happens when Uy, is comparable to f.

From equation (6.3), we see that ¢U,,, comparable to 3’ means that y'= O (/%)
and U = O(e'5).

7. The first correction to the western boundary current

a. The Correction in the Region & = O(1).
Let

fe=f= &7

U=¢gsu,

and

define the rescaled variable measuring distance south from the apparent separa-
tion latitude and the rescaled eastward velocity component. The dependent
variables in the region for & and % both O(1) are denoted by the subscript 3.
With these rescalings, equations (5.1)—(5.4) become
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v3gt 52/51‘3”+fc—82/57] = D;, (1)
P uzuz— 82/5‘”3”3,]— (fe=—e3n) v3+ Dye = o, (7-2)
u: f
S o+ D=, (7:3)
and
e3us; Dy = Y3y (7-4)

The variables u3, v3, D3, and y; are all expanded in powers of &3, e.g.,
D;5(&m) = Dso(&;m) + &5 D31(&,1) + €2/5 D32 (&) + O (e33).

The zeroth order equations are

V3og+fe= Dso, (7:5)
—fc'U30+D30§= O, (76)
V3o o e
, D=3+, (7-7)
and
o = 1/)30,,]- (78)

The boundary conditions on the fields in region 3 are obtained by matching
the fields to the upcoming solution from region 2 and the interior solution
(region 1), as well as making p;= 0 on & = 0. To zeroth order, this means

lim 3= lim a0, etc. But equation (7.8) shows that 3, is independent of
n—>o y' —>o . .
7, and therefore D3, and w3, are also # independent. The solutions are

Vo=V fe Ze, (7-9)
D3o=fc(l —Zc), (7.10)
and
po=Te (- 221, (711)
where
Zo,= e VIck.

The equations for the first order problem are
7}315= D31, (7.12)
—fevsi+ Dyg = 0, (7-13)
v30V31+ Dyx = Y31, (7.14)
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and
u3oD3o= 1/)3117. (715)

From equations (7.12) and (7.13) we find that v satisfies

‘1}3155=f¢1)3x. (716)
Therefore
vy = —A3(n)2Ze, (7.17)
Ds: = J/feds(n) Zes (7.18)
and )
Y= ) feds(n)Ze(1 - Ze), (7-19)

where A45(n) is a function to be determined. Note that, since Z,=1 on & =
0, 31 satisfies the boundary condition g;:1= 0 on & = o for any choice of 45(x).
This is because s is determined from equation (7.14) directly, without using
any boundary condition on & = o.

From equation (7.15) we find

A
u3o:V%ZC- (7'20)

For & = O(1), this 3, field will match the U, field given by equation (6.3) if

I
Ay ~——asn—> .
3n 2'/7] n
We note that the above solutions are only valid for & = O(1), and are not
valid as £— o. In the limit £— o, we can write

D;(&,7) = Dio(&7) + &2 D3 (&,7) + O (£2°) l
= [E+O(E) + &) Fods(n) (1~ fo8) + O(6) + O(e2)

Thus when & = O(&'/%) the D3 and £'/5Ds; terms are both O (g'/5). Therefore,
the assumption that D3 = O(1) is not valid for & = O (¢'/5) or smaller, and an-
other rescaling is necessary.

However, before we do this rescaling, we compute the solutions in region 3
to one more order. These fields will be needed to find the zeroth order solution
for all the fields which is uniformly valid in £ (5 fixed), and to determine 45(7).

The second order equations are

.21)

V3agt+ 30, — 17 = Dy, (7-22)
—fev3at D3ag = v30 (”3017—77% (7-23)

and
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2

v
3I
V3oU3at — = + D32 = y3a. (7.24)

Note from equation (7.18) and (7.20) that uj is in geostrophic balance.
Also, from equations (7.6) and (7.13), we find v30 and w3 are in geostrophic
balance. Therefore, as the flow approaches the apparent separation latitude, it
is geostrophic to leading order in both directions. The first quasi-geostrophic
effects are due to the #30, —7 terms in equations (7.22) and (7.23).

From equations (7.22) and (7.23) we find

‘1/3255—ch32= ‘1’30(u3°r,—7])—”305,7- (7-25)

The solution of equation (7.25) is

A A
vm Gl Zer T L (0= 3)e7 029

where C5(7) is a function to be determined. Then we find from equation (7:22)

- A £
Dy.=—n~ |/ feCs(n) Zc+ [5% +g - E(Vft"l—/{mn)] Ze
X 2 (7-27)
‘ —3Vﬁ/{37mzc,
and from equation (7.24),
3=+ |/ feCs(n) Ze(1 = Zo)
Aspm [Zc 27 22 El/ﬁ ] A2
+ = ° v (727, — 7
Vfelz 3 3 2 Gt e (7-28)
Ze &Vfe a
—1][1 —7+7(ZC—ZC].

b. The Correction in the Region & = O(¢'%). In the last section, we showed
that when £ is O (¢'/3) the expression for Dy is O (&'/%). Also, since y; ~ D22 f,
it is O (e?/5) when & is O (e'5).

Therefore, let

&= EI/SC)
D= 61/5d4,
and p=el5g,.

The region for which ¢ = O(1) will be denoted by a subscript 4. With all other
variables scaled as in region 3, the equations for region 4 are
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Vap + &3y, + elsfo—edlsy = e2l5dy, (7.29)
Zi 3/5ﬁ 154, — g2l5 ]ic
- free +elsd,= ¢ Pst5s (7.30)
uydy= Qap> (7-31)
and ‘U4d4 = (}'74:. (7.32)

The dependent variables are again expanded in powers of &'/3, for example

v4(Esn) = Va0(Lym) + PP vge(Eym) + O(e355).

We only require the zeroth order fields for u4, 44, and g4, and the zeroth and
first order fields for v4. From the zeroth order contributions of equations

(7.29) and (7.30) we see that ¥
Vo=V fe- (7-33)

From the first order contributions of (7.29), it follows that

v = —As(n) — 1L, (7-34)

where A4,(n) is to be determined by matching to region 3. From the first order
contribution of equation (7.30) we obtain

d4o= — UgoUg1 = Vﬁ[j‘}(n) +ch]' (735)

By integrating equation (7.32) with the boundary condition @4 = 0 on { =
o, we find

po=fe| s 2+12] (7.36)
Then equation (7.31) gives

Ay,
Vfc 14 (ﬂ)qffc (737)

and we see that #40= 0 on { = 0 as long as 1{4 (n) # o.

The proper matchmg of the solutions in region 3 and region 4 can be ac-
complished by using an intermediate scale variable, but in this case the func-
tions are sufficiently simple that we proceed by writing the region 3 stream
function in terms of ¢ through O(&*5) and match by inspection. We find that

P30 (51/5 Ca"?) + 81/5"/)31( 15 C)’?) + 82/5'/’32(81/5 Ca"l)

5 .38
= 2/5fc€ +82/5fcj (n)é_ "/{37]17 +/{2 }+0(83/5). (7 3 )

Vfe



1974]  Moore & Niiler : Separation of Inertial Boundary Currents 471

This should match &%/5¢4. Comparing equations (7.36) and (7.38), we sce
that the {2 terms are identical, the { terms match if 4,(n) = 43(n), and the
constant term gives
A}rm
— L A= .39
3 Vfc 3 1 (7 )

c. The behavior of the layer depth on the western boundary. The solution of
equation (7.39) determines the unknown function A3 (= 4,). From equation
(7.35) we see that 4, is proportional to the depth of the warm water along the
western boundary (§ = ¢ = o). Equation (5.15) for the depth of the warm layer
on the boundary according to the region 2 solution may be written in terms
on 7 as

Dio(0,y) = &5}/ fen +0(e9). (7-40)

The boundary conditions for equation (7.39) are obtained by matching e'/5d,
on the western boundary to equation (7.40). This means

Ay ~|/nasn—> . (7-41)

We also recall from Section 7a that matching #s and u3 for & = O(1),

7—> « implied

I
j3n~mas n—> @. (7.42)

It is clear from equation (7.39) that the conditions (7.41) and (7.42) are con-
sistent with a solution for # large of the form

i
A~y —— =24 0 (%) :
3~1 +24Vfc" (o) (7-43)

The general solution of equation (7.39) is called a first Painlevé Transcendent
(see Ince, p. 345). For our purposes, it suffices to note that the solution is not
obtainable by quadrature, and numerical integration is necessary. The depend-
ence of A5 on f, can be removed by setting A; = (3)/fc)/34; and 5’ =
(3)/fe)*'*n. Then equation (7.39) becomes

1{:,:,,7/77’ +J{;2= 7],, (74.4.)
and the asymptotic form (7.43) becomes

I

e (7-45)

!
A, ~ it

Equation (7.44) has been integrated numerically using the asymptotic solu-
tion give by equation (7.45) and its first derivative evaluated at %' = 20 to
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Figure 3. The solution of equation (7.44) for A4’;(r’), compared with Vr?

provide initial conditions for 4’ and dA4’'/dy’. The solution is shown in
Figure 3. For comparison, V? is also shown. We see that 4’ is nearly in-
distinguishable for /7’ for %’ > 2. The important property of 4" is that it goes
to zero at 5’ =17, e —.715 with a finite slope 4, ~.959. Therefore, the
1/)/y" singularity in equation (6.3) for #s, has been removed, and the apparent
separation latitude is a small distance (larger, however, than the boundary
current width) north of f = fe.

It is interesting to investigate the direction of the streamlines near the separa-
tion latitude. The direction of a streamline is given by

dxX U
0 = tan=r K*—) ] = tan—T (—), .46)
4y = const 4 Y

where 6 is measured clockwise from due north. In region 3, we find from
equations (7.9) and (7.20) that

A
e s 27
fo Ay (7-47)
6_1/2 Vfc Zc fc
independent of & Thus to leading order for £ = O (1) the streamlines are parallel,

and 0 depends only on latitude. The bulk of the western boundary current
veers away from the coast at a very small angle.

03 ~ tan—r ~ gt



1974]  Moore & Niiler : Separation of Inertial Boundary Currents 473

Near the coast, in region 4, we find from equations (7.33) and (7.37) that

‘53/10"{417C
4 A‘I("]) +ch' (74‘8)

Therefore, 6, 05 as {— «, but the streamline on the coast { = o still goes
straight north as long as 44(n) # o. However, near 5 = 70, where 44(n)— 0,
the expression (7.48) is not analytic. The value of 64 at { = 0, = 7o is un-
defined. We have not yet uncovered a mechanism for the separation of the y
= o streamline from the coast. To do so, we must examine the validity of the
scaling in region 4 as 27— 7o.

From equation (7.33)—(7.35) and (7.37), we can compute the behavior of
each term in equation (7.29) near { = 0, 7 = 7o. The quantities v,z and d,
are regular in { and 7, but

— s 4 ¢ __e3ls g, ¢
&350, = — & 47 4nn
wen=VFegarey Ve Zag.t
83/511:175

N_l/ﬁ(‘44+fc¢-)z

(7-49)

is singular at { =0, 7 = 7,. Near 5 =70, 4, is approximately (7 —70) where

d4,
o=— ;

N lyan,
We see that if £ and 57—, are both O (£2/5), £3/5 440y, is O (¢*/%) and is comparable
to e/5f,, which suggests rescaling 7—70 and { with respect to &2/3. Rescaling
n—7o with respect to any higher power of & would give « independent of that
rescaled latitude to leading order and therefore the fields could not match those
in region 4.

8. The second correction to the western boundary current

a. The equations for the separation of the boundary streamline. The depth of
the interface on the western boundary in region 4 is given by D = &'/5 4,(n),
which goes to zero at 77 = 70, with slope

dAd
. ;(7]) i
M A=
The apparent separation latitude is now at f = fo— &?/5m0, which is north of
fesince 7 is negative and 7 was measured south from fe. To discuss the separa-
tion of the boundary streamline 3 = 0, we introduce the following rescaled

variables.
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Let
= 82/5a2fc_5/20',
No— N = Szlsafc—3/21,
U= e "Bafs Pus,
V = g1z [fcrl2_|_ 83/50(:}(0—3/2,,5],
D= 83/5052](0—195,
and p=eBatf 3y,

The region where ¢ and 7 are O(1) is denoted by a subscript 5. The various
powers of a and f, that appear in the rescaling are simply there for later con-
venience, to avoid yet another re-definition of variables. "The potential vorticity
equation in terms of the scaled variables is

Vsg— s+ 1 = 5 fImo—etsaf 52T+ B3barf 2 D, (8.1)

where all the small terms have been collected on the right hand side of the
equation. In the Bernoulli equation, the O(1) balance is between the f¢/2 on

the right hand side and the leading term of % = (‘i; +0(e3/5)) on the left

hand side. The residual Bernoulli equation is
ul ve
f +v5+Ds= edsarfs? [15— —;] (8.2)

The equations for the transport stream function are

usDs = — X5 (83)

and
Ds[1 +eBarfvs] = g, (8.4)

The dependent variables are expanded in power series in g'/5. The zeroth
order equations are

Vsog—Usop+ 1 = O, (8.5)

2 st Dso= o, (8.6)

. us0Ds0=— Y5075 (8.7)
an

Dso= Y504+ (8.8)

It is convenient to use equations which involve #g, and D, alone. Substituting
for v, from equation (8.6) into (8.8) gives
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Usor+Usotsor— 1 + Doy = O, (8.9)

and eliminating yso between equations (8.7) and (8.8) gives
Do+ (450D so); = O. (8.10)

Equations (8.9) and (8.10) are the first momentum equation and the continuity
equation. Since /is a constant to leading order, northward advection becomes

/

dy Ot
is a uniform force which accelerates the fluid seaward.
The matching conditions from region 4 to region 5, obtained from equations

(7-35) and (7.37) are that

! : a 0
time-like (Vy—>—), and the Coriolis term (—f/— —1 in equation (8.9))

Dso~0—-1 (8.11)
as T—> — =for all ¢, and that
o
Uso ~ :L’ (8 I 2)
as 7—— «ofor all g.
There exists an exact analogy between this problem and a problem in non-

linear, non-rotating shallow water theory. Let
950 = }15o+ a.
Then equations (8.9) and (8.10) become

u501+u50u500+h500= O, (813)
and

1150.[+(u50(1750+0'))0.= 0. (814.)

These are the equations which govern one-dimensional shallow water motions
over a uniformly sloping beach. The boundary condition that #so= 0 at ¢ = 0
if hso >0 there can be interpreted as having a seawall at ¢ = 0. The quantity
hso 1s then the elevation of the free surface above the foot of the seawall, as
illustrated in Figure 4. At an initial time 7 = — 7o (70)) 1), the free surface is
level with Aso= 70, and the fluid is moving seaward with an initial velocity

distribution #so = . We see from this problem that for large ¢ there is

To
uniform outflow, u#s0(6— =, T) = 1. Therefore, the water level at the seawall
must decrease, and eventually the waterline recedes down the beach. When the
water level decreases past the foot of the seawall, u5o at the waterline is the rate
at which the waterline recedes away from the seawall. This waterline is given
by 450 = — g, which is 5 = o.
One exact solution of equations (8.9) and (8.10) is #s0 = 1, Do = 0 — T +7,,
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Figure 4. Schematic representation of the non-linear shallow water flow over a sloping beach with
a seawall.

where 7, is a constant. The corresponding 5o = 7,— 7. In the shallow water
analogy, this exact solution represents uniform outflow with the water level
dropping at a uniform rate. In the separation problem, this solution shows that
the separated streamline is straight and makes an angle with the coast which
is equal to 03 as given in equation (7.47).

We assume that the solution of equations (8.9) and (8.10) with initial con-
ditions given by equations (8.11) and (8.12) will be asymptotically equal to the
above solution as 7— «, where the constant 7, defines a further refinement in
the position of the separation latitude.

9. The free meandering jet

After the boundary current leaves the coast, it is useful to describe the flow
in terms of a curvilinear coordinate system. Let /27 measure distance normal
to the streamline v = D = o (hereafter called the reference streamline), and let
£'/4s measure distance along this streamline. The motivation for choosing /4
for the downstream scale has been thoroughly discussed by Robinson and Niiler
(1967). See their equations (5.2) and (5.3), and for the slope parameter § sub-
stitute

BH.,  H,
o, Rtn Gy

since in their case the scale is topographically determined, but in our case it is
determined by B. The et/2 cross-stream scale reflects the fact that the entire
western boundary current separates from the coast in a coherent fashion. The
coordinate system is sketched in Figure 5. The quantity &/4Ys= (f—fc)
measures the distance of the reference streamline north from the apparent sepa-
ration latitude. The velocity parallel to the reference streamline is denoted by
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Figure 5. Schematic representation of the coordinate system for the free meander.

e1/2p¢, and normal to the reference streamline by e=1/4y¢. In the meandering
jet region, all dependent variables are denoted by a subscript 6. The curvature
of the reference streamline is denoted by

b,

-1/ e v
e1/4Ks d(é"/"'-f)’

where s measures the direction of the reference streamline. The equations for
the meandering jet are

I
v = = let/aK oy — gt/a +fo+e1/4Y,—etl2r cos B, = D T
6t +€,/4rK6[8 6% weg] +fe 6 6 6> (9-1)

’g l/zﬁé — -]:c
S te/r2+ Do = pet s (9-2)
- Vs
peDs = — ko (9:3)
and
v6Dg = yer- (9-4)

The boundary conditions for the solution of Equations (9.1)—(9.4) are yg =
Ds = 0 on r = 0 and yg—> y, as r— ». Since the differential equation for g
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is second order in r, specifying three boundary in general overdetermines the
problem. The condition that all three boundary conditions are compatible gives
an equation for the curvature K¢ as a function of s.

The variables ug, v6, D¢, 6, Y6, and K¢ are now expanded in powers of
et/4. The equations to zeroth order are

Vﬁo,-"‘fc = D (9.5)
Vgo>
67 +Dg, = g, +f;c> (9.6)
Héo D6o = — Y6os> (97)
and
1}601)60 = Y6o,- (98)
The solutions are -
Vo=V feZe, (9:9)
Dy, = fe(1 - Zo), (9.10)
and
Po=201- 2., (9.11)
where

Z o= exp [ |/ forl-

Since v, is independent of s, g, = 0, and the leading contribution to g is
actually O (et/s).
The equations for the first order fields are

1’617+K60V60+Y60: DGI) (9'12)
V6r v60+D61 = Ye1>» (913)

and
V61 D6o+ V60D61 = Yir- (914)

As usual, we eliminate Dg, and gy, to obtain a linear equation for »,, which
contains an inhomogeneous term involving K, , 75, and »,,. The solution for
v, which vanishes at 7 = o (as it must from equation (9.13) and the boundary
conditions on y,, and D) and as r— o is

K 0 2 T
Vo= L= 2= [Vt VK] 2o (9.15)

Substituting from equation (9.15) into equation (9.12) and evaluating the
resulting expression at » = o gives an equation for K,, in terms of ¥,
which is
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I ez -
EVfCA6o+160=O- (9.16)

In equation (9.16) the curvature K, is

4 : 2\~g/2
e SR )

e ax

where X measures longitude in units of ¢1/4. Therefore, equation (9.16) is a
second order differential equation for the location of the reference streamline
as a function of longitude. The initial conditions are given by specifying the
position ¥, and direction dYy,/dX of the reference streamline as it leaves the
coast at X = o. We recall that Y;, measures distance north from f = f, in
units of g/4. The first correction (cf. Section 7) to the western boundary
layer moved the apparent separation latitude from f=f, to f = fc—¢&*57,.
The second correction (cf. Section 8) produced an additional o(e#/s) dis-
placement of the separation point. On the scale of &'/4 both these displacements
are small, so the initial position is ¥, = 0 at X = o.

The solutions given in Sections 7 and 8 show that the entire stream
leaves the coast coherently at a small angle from due north, 6; = O(&3/*°) (see
equation (7.47)). Since X and Y, in equation (9.16) are both measured
on the same scale (i.e., &'/4), the initial direction is due north to leading
order. This means dX/dY;, = 0 at X = 0. The solution of equation (9.16)
with these initial conditions can be written in term of elliptic integrals.
The position Y5, is a sinuous function of X, with maximum amplitude

__\1/2 =
(% Vfc) and wavelength 3.39 f;i/4/)/ 3. Figure 6 shows the shape of the

reference streamline for one wavelength of the meander.

The dynamics of this free meandering jet are identical to the baroclinic case
of inertial jets discussed by Robinson and Niiler (1967). Equation (9.16) can
be obtained from the cross-stream integral balance of vorticity flux in the jet,
and is seen to represent a balance between the total advection of relative vor-
ticity and planetary vorticity. In this formulation, correct to O (e*/4), Robinson
and Niiler’s (1967) equation (2.31) becomes

Kéoj véoDéodr+Y60J' v6oD60dr =0, (917)

and upon substituting for »,, and Dy, from equations (9.9) and (9.10), we again

obtain equation (9.16).
There is a recirculation within the southern side of each meander. This

steady pattern is simply the zonal geostrophic drift to the west given by the
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Figure 6. The solution to equation (9.16) for %o as a function of X.

original interior constant potential vorticity flow, and thus does not represent
the “radiation of a geostrophic wave” by the meander suggested by Robinson
and Niiler (1967).

10. The completion of the circulation pattern

The equations and boundary conditions for the circulation, given in Section
2, admit solutions for which the stream function g is symmetric about the
mid-longitude x = xo/2 of the basin. The solution we have presented so far
does not admit this symmetry unless the east-west wavelength of the free
meandering stream can be adjusted so that a crest or a trough of the wave
falls exactly at x = x0/2. That is to say that an odd number of half wave-
lengths of the meander should just fit into the basin. This can always be done
by changing f. by an amount which is O(et/4), and we recall here that we
stated in Section 4 that such a o(1) correction to f, would indeed be made.
The wavelength of the meander is approximately 1.96 e'/4fc1/4, and f, was
assumed to be 2 +0(1). Therefore, the number of waves across the basin is
an O (e1/4) quantity. To make the meandering wave fit in the basin so that
the solution may be taken as symmetric about xo/2 means that if we change f,
by an O(e*/4) amount, the wavelength of each wave will change by an O (¢1/2)
amount, and since there are O (¢~1/4) waves in the basin, the total number of
half waves between x = 0 and x = x, will change by O(1).

Here is a specific example. Let £{{1 and x, be given. Compute the quantity
x0[.98 (2€)~*/4 and find the largest odd integer (2 N + 1) which is less than or
equal to this quantity, i.e.,

%(28)"/4=2N+1+6 where o<éd<2. (10.1)
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Then we choose f. to be
fe— 2+x§(.98 0) (2¢&)1/4. (10.2)

The O(e'/4) contribution to f, then provides the wavelength correction neces-
sary to just fit 2 N + 1 half wavelengths into the basin. Of course, equation
(10.2) is not the only possible choice for f, which will satisfy symmetry about
xo/2. We could have chosen any odd integer 2 N + 1 as long as § in equation
(10.1) remained an O (1) quantity; in general, é could be positive or negative.
Equation (10.2) would still apply and 2 N + 1 half wavelengths would complete
the northern edge of the circulation pattern.

We recall from Section 4 that if f,+ 2, the interior stream function y: does
not satisfy the boundary condition yr= 0 on y = 0. In fact, if fo= 2 + det/4
then we find from equation (4.3) that

Yi(xy,y = 0) = —§£1/4+0(8),

Therefore, to make the total stream function equal to zero at y = 0, we must
add a weak southern inertial boundary current to the circulation. Near y = o,
the solutions for U, #, D and yp are easily found to be

U- -4+ e, (10.3)
V=o, (10.4)
D=f+ g etlage (10.5)
and
e [1 _e—e“’zy]_ (10.6)
2

For A >0, we see from equation (10.6) that » = 0 at y = 0 and again at
y = (4/2) e/ (i.e., at f = f2). The southern boundary current in this case
represents an eastward flow with U = O(&71/4) in a region of width O(e*/2).
The corresponding eastward transport is returned to the west by the interior
westward drift south of y = (4/2)&*/4. Thus there is a weak closed gyre be-
tween y — 0 and y = (4/2) et/+. Note from equation (5.13) and (5.14) that at
f=fe|2, A= 0, V20= 0, and Dy is independent of & Thus the zero interior
streamline at y — (4/2)&/4 extends straight to the meridional boundary. The
westward interior drift south of y = (4/2) /4 reaches the western boundary
region and flows southward there. It turns from south to east in an O(er/2) x
O(e1/2) corner region near x =y = 0, and flows eastward as an O (e'/2) wide
current against the southern boundary, as shown by equations (10.3)—(10.6).
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We have formulated the corner problem; the stream function correction in the
corner obeys eV*yp =y, with = 0 on x = 0 and p = (4/2)&4 on y = o.
The solution to this problem has already been discussed by Moore (1968),
and does provide a smooth turning of the boundary current.

If A <o, the southern boundary current flow is westward and this transport
is turned northward in the southwest corner and flows into the western bound-
ary current. The western boundary layer solution given in Section V is un-
changed outside the corner region.

Fofonoff (1962) has postulated that the solution to this baroclinic circulation
problem consists of a slow geostrophic interior flow to the west, inertial bound-
ary currents along western and eastern boundaries, and a straight inertial east-
ward jet at the separation latitude which completes the pattern. See Figure 3
of his article. He does not discuss how the transition from western boundary
current to straight eastward jet is accomplished. Our analysis shows that as long
as the northern boundary of the basin is sufficiently far north, the correct
circulation pattern for this model looks more like our Figure 1.

11. More general choices for B (y)

We recall from Section 2 that the Bernoulli function and potential vorticity
are conserved on each streamline. Therefore, we write B = B(y) and P = P(y).
But these conservation theorems derived from equation (2.10) do not imply
that B(y) and P (y) are necessarily single valued functions of 9. It is perfectly
possible to have two or more different streamlines having the same value of y,
and there is no reason to suppose B (and P) will be the same on these different
streamlines. All we know for sure is that B and P are conserved on any given
streamline. This apparently trivial remark is important for understanding the
discussion of separation given by Charney (1955). In his model, Charney
divides the flow into two regions, a slow geostrophic interior and an intense
western boundary layer. The Bernoulli function and potential vorticity are
conserved along streamlines in both regions. In the interior, he chooses a stream
function distribution given by

Y=Y~y —3)%

which is symmetric about y = yo. The corresponding interior D field in the
notation of this paper is

D*= Di—2y(1 +3,)(y—90.)'— %y (¥ =200

cf. Charney (1955), equation (17). This D field is not symmetric about y = y,.
2 2
Therefore, the Bernoulli function B = D +¢ u? =D+ f (@) is not sym-

J

metric about y = y,. This implies that B, considered as a function of %, is not
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single valued. Therefore, a streamline south of y = y, with a given value of the
stream function y = y, cannot be the same streamline as the one an equal
distance north of y = y, having the same stream function value. That is to say,
a specification of the interior y field such as Charney made overspecifies the
problem. A well set problem is obtained if B is specified as a single valued

increasing analytic function of y, so that the potential vorticity P = ZII—B is
everywhere positive. A

The constant potential vorticity distribution was chosen for this paper be-
cause the x dependence of the field in the western boundary current could be
written down explicitly. It is well known (Charney 1955, Morgan 1956,
Fofonoff 1962) that with more general choices for B(y), the » dependence
must be obtained by numerical quadrature. The use of explicit solutions in our
example has facilitated the examination of the validity of the approximations
involved. We have found that all the scaling arguments we have made can be
consistently applied to more general choices for analytic B(y) as long as P (y)
>0 and Py, >0. The physics of the separation phenomenon is the same for
these more general cases as for the one we have discussed in detail. The de-
tailed analysis of the more general case has been carried out, but yields no
new insights and is therefore not presented.
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