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Anomalous diffraction approach to the visible spectra
of absorption by marine particles with power-law

size distributions

by Maciej Matciak1 and Bożena Wojtasiewicz1,2

ABSTRACT
The spectral shape of the light absorption by marine particles with power-law size distribution was

analyzed. The anomalous diffraction approximation (ADA) in its conventional form for optically
“soft” homogenous particles was used to model the absorption cross section. Based on this theory,
particular formulas describing the spectral shape of absorption of an assemblage of particles were
derived. Exemplary calculations were performed for particles of selected shapes (spheres, thin
cylinders and disks). The results suggest that relative absorption spectra of marine particles in many
cases can be approximated by a simple formula, i.e. a power function of the ratio of their imaginary
part of the refractive index and the light wavelength. As long as the ADA is considered, the value of
the exponent varies between 0 and 1 and depends on the particle size distribution slope, the range of
particles’ sizes, their shapes, and the magnitude of the refractive index. These factors also influence
the accuracy of this approximation.

1. Introduction

The radiative transfer in natural waters is controlled by light attenuation (absorption and
scattering) by optically active components such as dissolved (CDOM) and particulate
organic matter (phytoplankton, detritus, bacteria etc.) and inorganic matter (mineral
particles). Their concentrations in sea water vary and influence the magnitude of absorp-
tion and scattering coefficients, which characterize quantitatively the light attenuation, and
are involved in the radiance and irradiance transport equations (e.g. Jerlov, 1976; Thomas
and Stamnes, 1999). The irradiance decay in the water column depends directly on the
magnitude of the absorption coefficient, whereas a water body’s diffusive reflectance is
determined by the relationship between the backscattering coefficient and absorption
(Gordon et al., 1975; Kirk, 1984, 1991; Mobley, 1994). Light absorption plays an essential
role in photosynthesis; however, only a few percents of the available solar energy is used
for this purpose. Almost all absorbed light is converted into heat (Lewis et al., 1983; Dera,
2003). The absorption of visible radiant energy by marine particles can be a significant
component of the sea heat budget. It can manifest itself by increases in the temperature
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within the upper mixed layer which accompany local accumulations of particulate matter
(e.g. Ramp et al., 1991; Stramska and Dickey, 1993; Chang and Dickey, 2004). Conse-
quently, the light absorption influences the vertical and horizontal water density structure
and probably water circulation (Simpson and Dickey, 1981; Lewis et al., 1983; Edwards et
al., 2001, 2004; Oschlies, 2004). Increased knowledge on the absorption spectra of
optically active constituents of sea water is vital for many types of research. For example,
investigations of the radiant heating rate of both modeling and experimental character
relate to the spectral integral describing the solar energy absorption (Ohlmann et al., 2000;
Chang and Dickey, 2004). Spectral information on optical signals originating from the sea
water and emerging from below the sea surface is also necessary for research carried out
using remote sensing (e.g. Zaneveld et al., 2006).

Apart from the physical properties of individual particles, the light attenuation by marine
suspended matter depends on their sizes and concentrations, which are taken into account
through the particle size distribution (PSD). PSD represents the number of particles of sizes
D � 0.5dD per unit volume of water. When considering a relatively wide interval of
particle sizes up to the order of 1000 �m, it is evident that the global size distribution is
primarily characterized by a rapid decrease in the number of large particles. Such a
distribution can be approximated by a decreasing power-law function (Bader, 1970):

n�D� � mD�k �m�3�m�1� (1)

where D [�m] is a characteristic size of particles; m [m�3�mk�1] and nondimensional k
are positive constants.

The power-law size distribution can often be successfully applied for particles from
various water bodies (e.g. Carder et al., 1971; Sheldon et al., 1972; Harris, 1977; McCave,
1984, Buonassissi and Dierssen, 2010). The value of k varies between 2 and 6, but most
frequently it is close to 4 (e.g. Jonasz and Fournier, 2007). In particular cases segmented
power-law PSDs can be more accurate approximations. Another approach is to use a sum
of generalized gamma or log-normal distributions which can account for the fact that the
number of the smallest particles (with sizes usually much smaller than 1 �m) can decrease
with decreasing size (Risovic, 1993; Jonasz and Fournier, 1996). However, the power-law
size distribution represents a basic feature of PSDs of larger particles, which mostly
contribute to the magnitude of the absorption and scattering coefficients. Therefore it is
frequently applied in analyses of the influence of marine particles on the light attenuation
in the ocean (Boss et al., 2001; Chang et al., 2007; Doxaran et al., 2009; Kostadinov et al.,
2009).

It has been recognized that the visible spectra of scattering coefficient of assemblages of
nonabsorbing spherical particles characterized by constant refractive index and power law
PSD with infinite diameter size intervals (0�� �m) can be described by a function 	�ε

where 	 is the light wavelength and ε is a positive exponent. The epsilon value is related to
the PSD slope coefficient k (Eq. 1) in a simple way, ε 
 k � 3 for 3 � k � 7 (Morel,
1973; Boss et al., 2001; Jonasz and Fournier, 1996; Twardowski et al., 2001). This result
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had been known in the atmospheric physics earlier. The power wavelength dependency of
aerosol light attenuation was introduced by Angstrom (1929). Then Volz (1954), who
analyzed the light scattering by nonabsorbing aerosols, showed how to obtain the
relationship between the exponent in the Angstrom formula and k by an appropriate change
of variables in the expressions describing the scattering coefficient. The argument
presented by Volz can also be referred to in the case of scattering by marine particles,
because the description of the light attenuation processes is the same for both atmospheric
and marine particles. Actually, the scattering spectra of marine particles are strongly
influenced by the absorption and often they can hardly resemble a simple power function of
the wavelength (e.g. Barnard et al., 1998; Babin et al., 2003). Nevertheless it seems that the
Volz’s method could be used and further explored in the case of particle absorption
modeled with the use of the anomalous diffraction approximation (ADA). To our
knowledge the spectral shape of marine particles’ absorption characterized by the power-
law PSD has never been analyzed in such a way.

Particularly in the case of polydispersive particles ADA offers a significant simplifica-
tion and reasonable accuracy in calculating particulate optical attenuation in comparison to
the exact methods based on Maxwell’s equations, such as the commonly employed Mie or
T-matrix solutions (Mishchenko et al., 2002; Bohren and Huffman, 2004). Van de Hulst
(1981) developed this theory in order to determine the light attenuation efficiencies of
homogeneous, spherical particles. With respect to the usefulness of this approach, it has
been extensively studied (see e.g. http://www.astro.spbu.ru/DOP/3-REVS/KHLEB1/). For
example, some approximate and exact solutions were obtained for particles of regular
shapes: spheroids (Fournier and Evans, 1994; Paramonov, 1994), very thin circular and
elliptical cylinders (Fournier and Evans, 1996), and hexagons (Sun and Fu, 1999).
Quirantes and Bernard (2004) also obtained solutions for nonhomogenous spherical
particles, so-called coated spheres. The basis for the anomalous diffraction approximation
for absorption of arbitrarily shaped particles is the general integral which determines the
absorption cross section at a given particle orientation relative to the incident light (e.g.,
Bryant and Latimer, 1969; Liu et al., 1998; Yang et al., 2004):

Ca � ��
P

�1 � exp��
4�nwlpr

	 ��dP �m2� (2)

where 	 is the wavelength in the vacuum, r is the light ray path through the particle, dP is
an element of the particle projected area (P) on the plane perpendicular to the direction of
the light ray, nw is the real part of the refractive index of water, and lp is the imaginary part
of the refractive index relative to water.

The ray paths are line segments within a particle whose direction is the same as the
direction of the incident light. Neglecting the light refraction and reflection on a
particle surface results from the basic ADA assumption that the absolute value of a
particle complex index of refraction relative to the surrounding medium (mp
np�ilp) is

2011] 81Matciak & Wojtasiewicz: Absorption by marine particles



close to 1; that is, its real part is close to 1 and the imaginary part is close to 0. Most
marine particles fulfill this condition; i.e., np is lower than 1.1 (e.g. Morel, 1994; Aas,
1996) and lp is on the order of between 10�4 and 10�2 (e.g. Bricaud and Morel, 1986;
Stramski et al., 2001). Moreover, despite being primarily developed for particles that
are large in comparison to the light wavelength, ADA approximates well the absorp-
tion efficiencies of the smallest particles (Latimer, 1984; Morel, 1994; Jonasz and
Fournier, 2007). In this case, when the refractive index is wavelength independent, this
approximation predicts particle absorption coefficient spectrum (	�1) exactly as the
rigorous solutions. This dependency is known as the Rayleigh law for the absorption
(e.g. Bohren and Huffman, 2004). Unfortunately, ADA fails in describing the spectral
shape of scattering of light by small particles. It results from the ADA general
formulation of the scattering cross section (e.g. Bryant and Latimer, 1969; Liu et al.,
1998; Yang et al., 2004), that for example in the case of particles with constant
complex refractive index the spectral dependency known as the Rayleigh law for the
scattering cannot be obtained (e.g. Bohren and Huffman, 2004).

It should be mentioned here that Duysens (1956) independently developed an approach
to the algal suspension absorption with results being equivalent to the conventional ADA
(e.g., Morel and Bricaud, 1981). In Duysens’ method the absorption properties of algae are
expressed as a product of the intracellural pigment concentration and the specific pigment
absorption coefficient, not by means of the refractive index as in Eq. 2. This approach was
applied by Kirk (1975, 1976) and Baird (2003) for calculating the absorption spectra of
particles of various shapes.

We expect that applying ADA will bring some fresh insight into the spectral shape of
absorption by particles characterized with the power-law PSD. We will begin the analysis
from the case of large particles’ size ranges. Then we will derive a solution for the
absorption spectra shape in the limiting case when the particle sizes expand from 0 to
infinity. This solution is an important point to understand and interpret the courses of the
particulate absorption spectra. Based on the obtained results, we will consider the
absorption spectra of assemblages of particles with narrower size ranges which are likely to
occur in the small volume samples of sea water used in laboratory measurements of the
particulate absorption.

2. Theory—basic relations

For particles of the same lp spectrum and shape but different sizes, the absorption
coefficient (ap) is described by the following formula (e.g. Jonasz and Fournier, 2007):

ap�	� � �
Dmin

Dmax

Can�D�dD �m�1� (3)

where D is the characteristic particle size and Dmin and Dmax are its minimum and
maximum values, respectively.
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Accounting for the geometrical similarity of particles, the variations of their sizes
can be described only by one dimension. In theoretical considerations the choice of this
dimension usually results from the assumed particles’ symmetry. In practice, measure-
ments of size distributions of highly irregular in shape particles are usually related to
the particles’ volume (e.g. Coulter counter) and then the sphere volume-equivalent
diameter is often considered to be the characteristic size (e.g., Jonasz and Fournier,
2007).

Substituting the expression for the absorption cross section (Eq. 2) and the power-law
particle size distribution (Eq. 1) into Eq. 3, and then arranging the variable D so as to make
the surface integral independent from particle size, one can obtain:

ap�	� � m �
Dmin

Dmax ���
P/D2

�1 � exp��4�nw� r

D� lp

	
D��d� P

D2��D2�kdD. (4)

The ratios r/D and P/D2 do not depend on a particle size and thereby they are not
dependent on D.

After introducing the parameter y 
 lp	�1D into Eq. 4 by substitution D 
 	lp
�1y the

absorption coefficient equals:

ap�	� � m� lp

	� k�3 �
ymin

ymax ���
P/D2

�1 � exp��4�nw� r

D�y��d� P

D2��y2�kdy (5)

where ymin 
 lp	�1Dmin, ymax 
 lp	�1Dmax.
Let us write Eq. 5 for randomly oriented particles and divide both sides by the absorption

coefficient for a given reference wavelength (	o):

ap�	�

ap�	o�
� � lp

	�
k�3�	o

lpo
� k�3

�
ymin

ymax

�C*a�y��y2�kdy

�
yo min

yo max

�C*a�yo��yo
2�kdyo

(6)

where �C*a� � ���P/D2 �1 � exp��4�nw� r

D�y��d� P

D2�	 represents the average absorp-

tion cross section �Ca� resulting from random orientation of particles divided by D2 and
lpo 
 lp(	o), yo min 
 lpo	o

�1Dmin, yo max 
 lpo	o
�1Dmax.

Then, Eq. 6 can be rewritten in a following way:
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ap�	�

ap�	o�
� � lp

	�
k�3�	o

lpo
� k�3
1 �

�
ymin

ymax

�C*a�y��y2�kdy � �
yo min

yo max

�C*a�yo��yo
2�kdy

�
yo min

yo max

�C*a�yo���yo�yo
2�kdy �. (7)

The difference of the integrals in the Eq. 7 can be expressed as:

�
ymin

ymax

�C*a�y��y2�kdy � �
yo min

yo max

�C*a�yo��yo
2�kdy

� �
yo max

ymax

�C*a�y�max��y�max
2�kdy�max � �

yo min

ymin

�C*a�y�min��y�min
2�kdy�min

(8)

and after changing variables from y to lp/	 one can easily obtain:

�
yo max

ymax

�C*a�y�max��y�max
2�kdy�max � �

yo min

ymin

�C*a�y�min��y�min
2�kdy�min

� �
lpo/	o

lp/	

��C*a�Dmax��Dmax
3�k � �C*a�Dmin��Dmin

3�k��lp

	�
2�k

d�lp

	�.

(9)

If this formula is substituted into Eq. 7 the result is as follows:

ap�	�

ap�	o�
� �lp

	�k�3��	o

lpo�k�3

�
1

�o
�

lpo/	o

lp/	

��C*a�Dmax��Dmax
3�k � �C*a�Dmin��Dmin

3�k��lp

	�2�k

d�lp

	�� (10)

where �o �
ap�	o�

m
� �

Dmin

Dmax �C*a�	o��D
2�kdD.

Eq. 10 describes particle absorption dependency on the wavelength in a way which is as
complex as in Eqs. 3 and 4. However, the domain of integration is not related to the
particles’ sizes. Therefore, there is an opportunity to simplify the calculations and to obtain
some useful solutions. Assuming that the minimum size of the particles is small enough to
enhance using the linear approximation of the exponential function in the expression

1 � exp��4�nw� r

D� lp

	
D� (Eq. 6), the absorption cross section can be written as:

�C*a�Dmin�� � ��lp

	�Dmin (11)
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with nondimensional coefficient � � 4�nw���P/D2 � r

Dmin
�d� P

Dmin
2 �	 which is characteristic

for a given particles’ shape for the region of Dmin3 0.
At the same time it was assumed that the maximum diameter is so large that the

absorption cross section �C*a� is equal to a certain nondimensional constant �


���P/D2 d� P

D2�	 also characteristic for a given particles’ shape. The product of � and D2 is

the particle mean projected area, which is the maximum value of the absorption cross
section �Ca�. It can be easily calculated for randomly oriented convex particles using the
Cauchy theorem according to which a particle mean projected area equals 1⁄4 of its lateral
surface (e.g. Vickers and Brown, 2001).

Accounting for the above two assumptions Eq. 10 simplifies considerably:

ap�	�

ap�	o�
� �lp

	�k�3��	o

lpo�k�3

�
1

�o
�

lpo/	o

lp/	 ��Dmax
3�k�lp

	�2�k

� �Dmin
4�k�lp

	�3�k�d�lp

	��. (12)

After integration three solutions were obtained depending on the value of k.
When and k � 3 and k � 4:

ap�	�

ap�	o�
� A

lp

	
� B� lp

	�
k�3

� C (13)

where:

A � �
�

�o

Dmin
4�k

4 � k
, B � �A�lpo

	o
�4�k

� �1 � C��lpo

	o
�3�k

, C �
�

�o

Dmax
3�k

3 � k
.

When k 
 3:

ap�	�

ap�	o�
� A� lp

	� � B ln�lp

	� � C (14)

where

A � �
�Dmin

�o
; B �

�

�o
; C � 1 � A�lpo

	o
� � B ln�lpo

	o
�.

For k 
 4:

ap�	�

ap�	o�
� A� lp

	� � B� lp

	� ln�lp

	� � C (15)

where

A � �1 � C�� lpo

	o
��1

� B ln�lpo

	o
�; B � �

�

�o
; C � �

�

�oDmax
.
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These solutions were obtained under the assumption that all particles in an assemblage
are of the same shape but without specifying their exact geometry. Therefore the general
spectral dependency of the relative absorption coefficient is the same for particles of any
shape. The shape of particles in a considered assemblage determines the values of � and �
coefficients, which influence the magnitude of A, B, and C constants.

In order to obtain a solution describing the absorption spectra for the infinitely large particle
size range, i.e. when Dmin 3 0 and Dmax 3 � limiting values of the expressions Dmin

4�k/�o,
Dmin

3�k/�o, Dmin/�o, 1/�o, and 1/(�oDmax) in Eqs. 13–15 should be used to determine the values of
the coefficients A, B, and C. When calculating the limits it has to be taken into account that the
magnitude of the absorption coefficient and therefore �o can be infinitely large. When Dmax3

� and Dmin3 0 the integral�
Dmin

Dmax �1 � exp��4�nw� r

D� lp

	
D��D2�kdD exists only for 3 � k �

4 whereas for other values of k it is divergent. The divergence of this integral is a consequence
of the behavior of the integrand when Dmax3 � for k � 3 or when Dmin3 0 for 4 � k. These
outcomes can be proved by using appropriate criteria on the convergence of improper integrals
(e.g., Fichtenholz, 1978). The limiting values can be easily obtained in some cases, e.g. for 3 �
k � 4 (Eq. 13) A and C vanish and the value of the coefficient B equals (lpo/	o)3�k. In other
cases de l’Hopital’s rule has to be used because of the presence of the indeterminate forms. For
example, we present the calculation of the limit for 4 � k (Eq. 13):

lim
Dmin30

Dmin
4�k

�o
� � lim

Dmin30

�4 � k�Dmin
3�k

�C*a�Dmin, 	o��Dmin
2�k �

k � 4

� �lpo

	o
��1

. (16)

In these calculations the limiting form of the absorption cross section when Dmin 3 0
(Eq. 11) was applied. Accounting for the fact that lim

Dmin30

Dmax
3�k/�o � 0 the only nonzero

coefficient in Eq. 13 is A 
 (lpo/	o)�1. After calculating all the limits and substituting
their values into Eqs. 13–15 the solution (asymptotic) is as follows:

ap�	�

ap�	o�
� �

1 for k � 3

� lpo

	o
� 3�k� lp

	�
k�3

for 3 � k � 4

� lpo

	o
��1� lp

	� for 4 � k

. (17)

Thus, from the mathematical point of view it is possible to determine the absorption
spectral shape in the asymptotic case, even though the values of the absorption coefficient
do not exist. When the sizes of particles expand from 0 to infinity the absorption spectrum
is proportional to a power function of lp	�1 whose exponent, ranging from 0 to 1, depends
on the PSD slope or, in other words, on the relationship between the number of large and
fine particles (Eq.17). When the exponent equals 0 (for k � 3), the absorption spectrum is
flat for any lp spectrum. This results from the domination of large particles whose �Ca� is
wavelength independent because it equals the mean projected area. When 3 � k � 4 the
exponent changes with changing value of the PSD slope, namely as k � 3. When the value
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of the exponent equals 1 then the influence of the finest particles on the spectral shape of
absorption is the most important and the wavelength dependency is the same as for the
absorption Rayleigh law.

Basing on Eqs. 13–15 one can determine the absorption spectrum when Dmax 3 � or
Dmin3 0. In some cases the result will be the same as in Eq. 17, i.e. for an infinitely large
Dmax and k � 3 or Dmin 3 0 and 4 � k. Eqs. 13–15 can be modified when one
additionally accounts for the absorption by particles of diameters lower that Dmin (0, Dmin)
and different PSD, especially when the number of particles decreases when their sizes tend
to 0. Since their absorption coefficient is proportional to lp	�1 the dependency of the
relative total particle absorption coefficient on lp	�1 stays the same as given by Eqs.
13–15 but the values of the coefficients A, B, and C will change.

The solution given by Eq. 13 is a sum of three terms corresponding to appropriate
asymptotic absorption spectrum (note that the last term in Eq. 13 can be written as 1 � C
and 1 is a part of solution given by Eq. 17). Depending on the k value, one of these terms
can start to be dominating, because Eq. 13 is valid for a wide range of particles’ sizes and
consequently it can be close to the asymptotic solution which is a one-term power function.
In fact, the value of Dmax resulting from the condition for obtaining Eq. 13 can be
sufficiently large when the PSD is steep enough and the contribution of the largest particles
to the magnitude of the relative absorption coefficient is small. Therefore one can try to
approximate Eq. 13 with a one-term power function:

ap�	�

ap�	o�
� � lpo

	o
���� lp

	�
�

(18)

where an exponent � depends on the value of k.
This simplification relates also to the particular solutions (Eqs. 14, 15), which are the

limiting cases of Eq. 13 when k tends to 3 or 4. On the other hand, according to ADA, the
absorption coefficient for the smallest particles is proportional to (lp	

�1)1. So when the values
of Dmax are large or very low the approximation is a power function of lp	�1. It can be
expected, that for intermediate Dmax values which do not fulfill the assumption of Eq. 12,
the approximation of absorption spectra can also be expressed as in Eq. 18. This case is
important when determining the absorption in laboratory conditions on discrete seawater
samples when large particles, whose concentration is usually relatively low, can be missed
during sampling. At present, such laboratory measurements are the only way to measure
discriminately the absorptive properties of two main components of particulate matter,
algal and nonalgal particles (e.g. Woźniak and Dera, 2007). The particulate absorption can
be measured in suspension when small volumes of water (a few cm3) are put into a cell
placed inside an integrating sphere in order to eliminate the influence of scattering. This
method is limited to water samples of sufficiently large particle load and cannot be used for
oceanic waters. In this case the most frequently used absorption measurement methods are
filter techniques (e.g. Yentsch, 1962; Mitchell, 1990; Tassan and Ferrari, 1995) which
involve concentration of a certain volume of water on glass fiber filters. The volume of
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filtered sea water usually does not exceed 5 L (e.g. Mitchell et al., 2000). In the next
sections we will investigate the validity of Eq. 18 in modeling the absorption spectra for
assemblages of particles with various values of Dmax.

3. Calculations

a. Assumptions

All calculations of relative absorption spectra were performed within the visible band
(350–750 nm) for homogeneous particles of three different shapes—spheres, very thin
cylinders, and disks. Because they all are solids of revolution and have a plane of
symmetry, their shape can be characterized by the aspect ratio defined as the dimension
(height) along the axis of rotation divided by the diameter in the symmetrical plane.
Considering this parameter, cylinders and disks are the extreme shapes; i.e. for cylinders
the aspect ratio is very large whereas for disks it is close to 0. It can be expected that results
obtained for these limiting shapes will determine the absorption spectra variability range
and the absorption properties of particles with moderate aspect ratios will be found within
these limits. In turn, a sphere with the aspect ratio of 1 is the most compact shape for which
majority of calculations of optical properties of particles are being performed (e.g. Bricaud
and Morel, 1986; Stramski et al., 2001; Woźniak and Stramski, 2004; Doxaran et al.,
2009).

The relative absorption coefficient �Ca� was determined on the basis of the formula in
which the absorption cross section was expressed as a product of the nondimensional
absorption efficiency (Qa) and a particle mean projected area:

ap�	�

ap�	o�
�

�
Dmin

Dmax

0.25SQa�	, D�D�kdD

�
Dmin

Dmax

0.25SQa�	o, D�D�kdD

(19)

where D is a characteristic particle size, Dmin and Dmax are the minimum and maximum of
D, respectively and S is the particle surface.

We assumed the characteristic particle size to be its diameter (D) and according to the
solutions of the anomalous diffraction theory, the particular absorption efficiencies can be
expressed as follows:

— for spherical particles (van de Hulst, 1981):

Qa � 1 � 2
exp��4�nwlp	

�1D�

4�nwlpD	�1 � 2
exp��4�nwlp	

�1D� � 1

�4�nwlpD	�1�2 (20)

— for randomly oriented very thin circular cylinders (“infinite” cylinders) (Fournier and
Evans, 1996):

Qa � 1 � exp��4�nwlp	
�1D� (21)
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— for randomly oriented very thin circular disks (Jonasz and Fournier, 2007):

Qa � 1 � 2E3�4�nw�lp	
�1D� (22)

where E3 is the third-order exponential integral and � is the ratio between the value of a
particle’s thickness and its diameter (the aspect ratio), � was assumed to be 0.015.

The value of the absorption efficiency increases monotonically from 0 with increasing
particle diameter. Initially the increase is linear (Qa  lp	�1D), and approaches 1 in the
infinity. The rate of the increase of the values of Qa is significantly different among
particles of various shapes (Fig. 1). It can be explained by the fact that the magnitude of
light absorption depends on the mean geometrical ray path length inside a particle. When
particles of considered shapes have the same diameter, this length, which can be roughly
approximated as the ratio of the particle volume to its projected area (Bryant and Latimer,
1969), is the longest in the case of cylinders and the shortest for disks. Therefore, for
cylinders Qa approaches 1 very fast, whereas for disks the increase is the slowest (Fig. 1).

The aspect ratio for each particles’ shape was kept constant. Therefore, in Eq. 19
describing the relative absorption it only matters that the particles’ surface area is
proportional to D2. Moreover, in the case of very long cylinders Qa does not depend on the
aspect ratio (Eq. 21), which has to be sufficiently large to use Eq. 21, and that is why it did
not have to be specified.

Figure 1. Absorption efficiency factor (Qa) for spherical, randomly oriented very thin cylindrical
particles and flat disks calculated on the basis of anomalous diffraction approximation formulas
(Eqs. 20–22).
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Two functions describing the spectra of the imaginary part of the refractive index lp

were applied (Fig. 2). The first one (solid line in Fig. 2) was taken from Stramski et al.
(2001) and Woźniak and Stramski (2004) who simulated the spectrum of lp of detritus and
mineral particles in the Sargasso Sea in a following way:

lp � 0.007954 exp��0.007186	�. (23)

The second spectrum (dotted line in Fig. 2) was chosen to have different shape and
values of lp. It was taken from literature (Woźniak and Dera, 2007 who cited the data of
Egan and Hilgeman, 1979) and describes a spectrum of lp of illite which can possibly be an
important mineral constituent of clay suspension. It was not our aim to simulate the
absorption properties of natural assemblages of particles and chosen spectra of lp should be
treated only as examples, although adequate for the purpose of this study.

The magnitude of the absorption coefficients for respective wavelengths were estimated
with a 10-nm step. The calculations were performed for particle assemblages with
power-law size distribution (Eq. 1) with the exponent k ranging from 2 to 6. The integrals
in Eq. 19 were calculated numerically using the trapezoidal method with a 0.001-�m
integration step. The value of Dmin was assumed to be 0.2 �m. This value is treated as a
common operational cutoff between dissolved and particulate matter, which are separated
using filters of that pore size (e.g. Stramski et al., 2004; Clavano et al., 2007). This division
between particulate and dissolved matter should be considered only as conventional
because there are some kinds of particles (e.g. colloids and bacteria) whose sizes are
smaller (e.g. Stramski et al., 2004; Stramski and Woźniak, 2005). The chosen magnitude of
Dmin fulfills the condition in Eq. 11 for every considered Qa and lp. The values of Dmax

Figure 2. The spectra of the imaginary part of the refractive index (relative to water).
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ranged from 20 to 5000 �m. The highest value of the upper limit of the particle sizes is
extremely large as for natural marine conditions. The number concentration of such
particles is very low and practically has no influence on the particulate absorption.
However, the choice of such a large value of Dmax enables using Eqs. 13–15 and their
approximation (Eq. 18). For spherical and cylindrical particles, even in the case of the
lowest values of lp (Eq. 23) Qa(Dmax), is close to 1. In order to fulfill this condition for
disks the value of Dmax should be higher than 5000 �m.

The values obtained numerically basing on ADA (Eq. 19) will be a reference to the
approximation presented in Eq. 18. The exponent � in Eq. 18 was determined by means of
the least square method after logarithmic transformation:

ln� ap�	�

ap�350�� � ��ln�lp

	� � ln�lp�350�

350 ��. (24)

The component lnlp(350)/350 was assumed to be known thus the relative value of the
absorption coefficient a(	)/a(350) was normalized to 1 at 350 nm. The goodness of fit of
the approximation (Eq. 18) to the exact ADA results (Eq. 19) was verified by means of two
measures: (i) the coefficient of determination R2 being the squared Pearson’s correlation
coefficient calculated during the linear regression analysis of Eq. 24 and (ii) the average
root-mean-squared (rms) difference between the approximated relative absorption data
(Eq. 18), obtained with the use of previously determined delta value, and these calculated
using ADA (Eq. 19) divided by the average value of a(	)/a(350). The determination
coefficient was used to estimate how well the regression line (Eq. 18) represents the data
(Eq. 19). Whereas rms provides the information on the likely percentage error of the
approximation.

b. Results

We started the analysis of the approximation of the particle absorption spectra based on
Eq. 18 for a wide range of particle diameters, that is expanding from 0.2 to 5000 �m with
exponential lp. For spherical particles, the shape of the spectrum calculated numerically
with the use of ADA (Eq. 19) changed from a convex (k � 3) through almost linear (k 

3) to a concave (3 � k) function (dots in Fig. 3a). When the lp spectrum is a concave
function and the exponent � is positive, a convex spectrum of absorption cannot be
reproduced by Eq. 18. Therefore in this case the approximation can only reproduce the
character of the absorption spectral shape for 3 � k which is confirmed by high values of
the coefficient of determination (0.95 � R2) and low rms values. The goodness of fit
increases with increasing k, which is also true for particles with other shapes (Fig. 4).
Using Eq. 18 gives better results for the second function of the refractive index (illite)
(Fig. 3b, Fig. 4) which is characterized by higher values. If the interval of particles’ size is
sufficiently wide, the absorption spectrum can be determined on the basis of Eq. 12 and its
particular forms (Eqs. 13–15). Fig. 3 (solid lines) also presents the absorption spectra of
spherical particles obtained with the use of Eqs. 13 and 14 where � 
 2/3�2nw and � 
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Figure 3. Comparison between the shapes of the absorption spectra obtained on the basis of Eq. 19
(dots), Eqs. 13 and 14 (solid line) and approximated by Eq. 18 (dotted line) of assemblages of
spherical particles with power PSD (Eq. 1) for different exponent (k) with diameters ranging from
0.2 to 5000 �m and for two spectra of the imaginary part of the refractive index: (a) exponential
and (b) illite. R2 and rms describe the goodness of fit of the approximation (Eq. 18) to the exact
ADA results (Eq. 19).
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Figure 4. Exponents of the power function approximation of the relative absorption spectra (Eq. 18)
within the particles’ diameter range 0.2–5000 �m calculated for the particle absorption spectral
dependence for exponential (1) and illite (2) lp, for chosen values of k (Eq. 1) and various particles’
shapes: (a) spheres, (b) infinite cylinders and (c) disks. R2 describes the goodness of fit of the
approximation (Eq. 18) to the exact ADA results (Eq. 19). Solid line presents the asymptotic
solution (Eq. 17).
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�/4, and �o 
 ap (	o 
 350)/m was calculated numerically using ADA. It can be clearly
seen that this solution accurately describes the spectral shape of absorption of spheres in
the considered range of diameters for both lp spectra (Fig. 3). For exponential lp and k 

2.5 some slight differences can be noted between estimated (Eq. 13) and numerically
calculated values (Eq. 19) of the relative absorption coefficient in the long-wave part of the
spectrum (Fig. 3a). This results from the fact that for low values of lp (
0.0000364 at
750 nm) and Dmax 
 5000 �m the value of Qa � 0.9 and is too low to fulfill quite
satisfactorily the condition that the absorption cross section equals the particle’s geometri-
cal cross section.

For a wide range of particles’ diameters the exponents � in Eq. 18 should be similar to
the asymptotic values in Eq. 17 describing the absorption spectra for an infinitely large
diameter range. Such a situation occurs in the case of spherical and cylindrical particles
(Fig. 4a, 4b). Whereas for thin disks and k � 3 the values of � are much higher than the
asymptotic one, which in this case equals 0 (Fig. 4c). Considering all assumed particle
shapes, the increase in the values of the absorption efficiency (Qa) with increasing particle
diameter of disk-shaped particles is the slowest (Fig. 1), and most of Qa values are
relatively small. The absorption spectra of these particles can be approximated by Eq. 18
very well (0.95 � R2) even if k � 3. The courses of the dependency between � and k will
tend to the asymptotic one when for 3 � k the value of Dmin is smaller, because in this case
it plays the deciding role (see Section 2), and for k � 3 the value of Dmax is higher.

In the case of narrower particle diameter ranges we arbitrarily set the largest value of the
maximum diameter to be 1000 �m (1 mm). It is alleged by some authors that 1000 �m is
the upper limit of the diameter of particles which distinctly contribute to light attenuation
in sea water (e.g. Jonasz and Fournier, 2007). There were also three lower values of Dmax

taken into computation; 20, 100, and 500 �m. In most considered cases the absorption
spectra were approximated by Eq. 18 very well (Fig. 5). The approximation appeared the
weakest for low k, e.g. 2, for cylinders and spheres when the absorption spectra could be
described reasonably only in the case of relatively narrow particle diameter ranges
(0.2–20 �m and 0.2–100 �m) (Fig. 6). In the assemblages dominated by fine particles
caused either by increasing the value of k or lowering the value of Dmax the exponent � is
very close to 1, which stays in agreement with the dependency ap  lp	�1. Together with
an increase in the particles’ diameter interval the value of the exponent decreases, which is
caused by the increasing impact of larger particles. Accounting for these results one should
be careful when fixing the upper limit of particles’ size in modeling the absorption spectra.
For PSDs with k � 3 the value of � tends to 0 when Dmax increases (Fig. 5). For higher
values of k, e.g. 4, the variability in � is the strongest for spheres and cylinders up to
Dmax 
 500 �m. Then � reaches a constant value which is characteristic for the particles’
size interval (0.2 � � �m). Whereas for disks � still slightly decreases. For 5 � k the
exponent � is almost constant (close to 1) irrespective of the width of the particles’
diameter ranges. For example, in the case of cylindrical particles and k 
 6, � 
 0.993
(0.9999 � R2) and 0.995 (0.9999 � R2) for illite and exponential lp, respectively. Like for
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the absorption by particles with a wide range of diameters, the approximation is best in the
case of disks and generally the goodness of fit improves with an increasing value of k.

Summarizing, the accuracy of the approximation (Eq. 18) is at the same time related to

Figure 5. Values of the exponent � calculated for the particle absorption spectral dependence (Eq. 18)
for power-law PSD (Eq. 1) for chosen values of k, various intervals of particles’ diameters and
shapes (spheres, infinite cylinders and disks). Crosses indicate the cases when 0.95 � R2.
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the courses of the Qa(lp	�1D) function (Fig. 1) and the PSD slope. Best fits were
obtained: (i) when the values of Qa mostly contributing to the magnitude of the absorption
coefficient result from the presence of relatively small particles or (ii) the particle size
range were wide enough that the absorption spectrum was close to the asymptotic one (Eq. 17).
In an “intermediate” situation the accuracy of Eq. 18 can be lower, as for an assemblage of
cylindrical particles with diameters ranging from 0.2 to 1000 �m, exponential lp and k 
 3
(Fig. 5).

4. Interpretation of nonalgal particles’ absorption spectra

a. Slope coefficient

The relationship between the marine particles’ absorption coefficient and the light
wavelength expressed with a power function of lp	�1 (Eq. 18) resembles the dependency
used to describe the absorption coefficient spectra of atmospheric aerosols (Angstrom,
1929). It is commonly used today and is written in the following way:

aaer  	�AAE (25)

Figure 6. Relative absorption spectra obtained on the basis of Eq. 19 (dots) and approximated by Eq. 18
(dotted line) of assemblages of cylindrical particles with power-law PSD (Eq. 1) for different
exponent (k) with diameters ranging from 0.2 to 100 �m and for illite and exponential spectra of
the imaginary part of the refractive index. R2 and rms describe the goodness of fit of the
approximation (Eq. 18) to the exact ADA results (Eq. 19).
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where the positive constant exponent is nowadays called the Absorption Angstrom
Exponent ( AAE) (Bergstrom et al., 2007).

Despite the fact that the imaginary part of the refractive index of aerosols is not involved
in Eq. 25, its variability can influence the magnitude of AAE. For some small particles, a
value of AAE lower than 1 can result from an increase in the lp value with the wavelength
(Bergstrom et al., 2007). In some cases the Angstrom formula can approximate quite well
the absorption spectra of marine particles presented in the previous section, i.e. when 3 � k
and lp was described by an exponential function (Eq. 23).

Unlike atmospheric aerosols, the absorption spectra of marine nonalgal suspended
matter, consisting of both organic (detritus) and mineral particles in different proportions,
are usually expressed with the use of an exponential function:

ap�	� � ap�	o� exp��s�	 � 	o�� (26)

where a constant positive coefficient s [nm�1] describes the rate of the absorption decrease
with increasing wavelength.

Various empirical studies showed that the values of the slope coefficient (s) range
approximately from 0.0024 to 0.019 nm�1 (Roesler et al., 1989; Bricaud and Stramski,
1990; Bowers and Binding, 2006; Woźniak and Dera, 2007). When the absorption
spectrum of an assemblage of particles with a power-law PSD is a distinctly decreasing
function, then it could be expected that the values of lp also should decrease with
increasing wavelength. At the present state of knowledge on the physical properties of
marine particles it is considered that the visible lp spectrum of nonalgal particles is a
decreasing function and generally has an exponential character (e.g. Stramski et al., 2001).
Theoretical simulations of the spectra of lp for various chemical classes, accounting for
complex internal structures and different morphological features, seem to confirm this fact
(Woźniak and Dera, 2007). Let us assume that the spectrum of the imaginary part of the
refractive index is described by an exponential function: lp  exp(�p	), where p [nm�1]
is a positive constant coefficient. Then the slope coefficient (s) can be determined with the
use of the logarithm of Eq. 18:

ln ap�	� � ln ap�	o� � �p�	 � 	o� � � ln�	o	
�1� (27)

and the logarithm of Eq. 26:

ln ap�	� � ln ap�	o� � s�	 � 	o�. (28)

After comparing the above equations the slope coefficient can be expressed as
follows:

s � ��p �
ln�	o	

�1�

	 � 	o
�. (29)

The factor ln(	o	�1) has the course close to the linear function c(	 � 	o), where c
[nm�1] is a negative constant. With given value of 	o its value slightly varies depending on
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the considered range of the wavelength. If this linear approximation is taken into account,
the magnitude of the slope coefficient s can be easily interpreted by means of the
approximate relation:

s � ��p � c�. (30)

To illustrate this we used Eq. 30 to estimate the value of s of the absorption spectrum of
spheres with diameters’ ranging from 0.2 �m to 5000 �m and k 
 4. In the case of
wavelengths ranging from 350 (
	o) to 750 nm, c is equal to �0.00207 nm�1 (R2 

0.9751), p 
 0.007186 nm�1 (Eq. 23) and the estimated value of � 
 0.866 (R2 
 0.9996)
(Fig. 5). The value of the slope coefficient determined on the basis of Eq. 30 equals
0.008016 nm�1. This result is very close to that estimated directly from the absorption
spectrum by means of linear regression (Eq. 28), that is 0.008019 nm�1 (R2 
 0.9998).
Actually, the slope coefficient s represents the average value of the local absorption slope
coefficient defined as follows:

s�	� � �
1

ap

�ap

�	
. (31)

According to Eq. 18 s(	) spectrum is mainly influenced by �
d ln lp

d	
� 	�1. The

strongest variability in the values of the slope coefficient can be caused by the changes of
lp. This is clearly seen on the absorption spectra of illite particles (Fig. 3b, Fig. 6).
Nonexponential behavior of lp can be the reason for the occurrence of a “shoulder”
between 450 and 550 nm in the measured absorption spectra of suspended matter
dominated by mineral particles (e.g. Bowers and Binding, 2006). If lp or the derivative of
its logarithm is constant, the value of s(	) will decrease with increasing wavelength only
because of 	�1.

b. Comparison with published results of Mie calculations

Stramski et al. (2001) numerically simulated the spectra of the average absorption cross
sections of detrital and mineral particles with power-law size distribution for k 
 4 and
exponential lp (Eq. 23) applying Mie solution for homogeneous spherical particles. Later
Woźniak and Stramski (2004), using the same approach, calculated the mineral mass
specific absorption coefficient for other values of k and one additional lp spectrum. The
absorption cross section as well as the mass specific absorption are proportional to the particles’
absorption coefficient itself. One can note that the spectral shape of the absorption (Fig. 4a, b
from Woźniak and Stramski, 2004) and the imaginary part of the refractive index (Fig. 2c
from Woźniak and Stramski, 2004) are similar. However, for the same lp and k and
different constant values of the real part of the refractive index (np) the absorption spectra
are slightly shifted against themselves (Woźniak and Stramski, 2004). It means that the
spectral shape of particle absorption depends mostly on lp. Besides, when considering
different types of particulate matter the dependency of np on the wavelength is relatively
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weak (e.g. Woźniak and Dera, 2007). Since ADA expresses Qa as a function of lp, one can
suppose that the spectral shape of absorption suggested by Eq. 18 derived from consideration
based on ADA can be a good approximation in the case of cited Mie calculations as well. This
idea was tested basing on the goodness of fit of the power function of lp	

�1 to the spectra of the
mass specific absorption coefficients presented graphically by Woźniak and Stramski (2004)
for two different spectra of lp. The first one is as in Eq. 23 (Fig. 1) whereas the second one, with
values higher by one order of magnitude (0.01), is based on data for Saharan dust. In the latter
case lp decreases approximately in an exponential manner between 350 and 600 nm and for the
longer wavelengths the spectrum is flat. The mass specific absorption coefficients and Saharan
lp values taken by us into calculations were obtained through digitalization of proper graphs
(Fig. 2c and 4b from Woźniak and Stramski, 2004). The use of digitalized values only slightly
influenced the results of the analysis. For example, for k 
 4 and exponential lp we calculated
the slope coefficient s (Eq. 26) to be 0.00855 nm�1 (Table 1) whereas its original value
determined by Stramski et al. (2001) varied between 0.00846 and 0.00847 nm�1 depending on
the magnitude of constant np.

According to our estimation, in most cases the absorption coefficient approximated by a
power function of lp	

�1 explained at least 99% of its spectral variability calculated with Mie
theory. In the case of weakly absorbing particles (exponential lp spectrum) and low values of k
(e.g. k 
 3.2) the goodness of fit of this approximation was the worst, which was indicated by
the highest values of the rms error (Table 1). It is also true in the case of the anomalous
diffraction approximation, which is consistent with the results described in the previous section

Table 1. The values of coefficients � (exponent of the power function of lp	�1 in Eq. 18) and sa (in
the exponential dependency given by Eq. 26) of visible (350–750 nm) absorption spectra of
spherical particles (0.05–500 �m) with power-law PSD (Eq. 1) of various slopes (k) calculated on
the basis of Mie solution (Woźniak and Stramski, 2004) for np 
 1.18 and ADA; (1) exponential
lp (Eq. 23), (3) Sahara dust lp. R2 and rms describe the goodness of fit of the approximations to the
ADAb and Mie results.

k lp

Mie ADA

� R2 rms s · 102 R2 rms � R2 rms s · 102 R2 rms

3.2
(1) 0.689 0.9894 11.65% 0.626 0.9933 8.74% 0.713 0.9883 12.79% 0.647 0.9925 10.59%

(3) 0.327 0.9983 1.28% - - - 0.333 0.9984 1.25% - - -

4
(1) 0.944 0.9999� 2.18% 0.855 0.9995 5.46% 0.935 0.9997 3.91% 0.848 0.9999� 0.97%

(3) 0.820 0.9997 1.02% - - - 0.826 0.9999 1.17% - - -

4.8
(1) 1.029 0.9995 6.57% 0.932 0.9982 11.76% 0.998 0.9999� 0.15% 0.904 0.9996 4.58%

(3) 0.999 0.9999 0.93% - - - 0.978 0.9999� 0.64% - - -

aThe values of coefficients � and s were determined by means of two-parameter linear regression, i.e.
the reference wavelength was not fixed, after appropriate logarithmic transformation of Eqs. 18 and 26.

bIn the case of ADA the regression was performed for the relative absorption spectra, but all
presented parameters would be the same if calculations were performed for the absolute absorption
coefficient values.
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(see Fig. 3a, Fig. 6). When k 
 4.8 the value of � determined by the Mie solution was slightly
higher than 1 (Table 1) which is the maximum value of the exponent predicted basing on ADA.
The most probable reason for this result is that according to this exact solution the absorption
coefficient in the Rayleigh absorption limit does not depend linearly on the imaginary part of
the refractive index (van de Hulst, 1981; Bohren and Huffman, 1983). Relative differences,
with respect to the Mie results, between the values of � and s obtained on the basis of Mie and
ADA computation did not exceed 3.5%. Based on the similarity in the magnitudes of both these
parameters, the absorption spectrum slope coefficient s determined by means of Mie solutions
can also be interpreted by the relationship given in Eq. 30.

5. Conclusions

Natural marine particles are characterized by a large diversity of shapes and complex
physical and chemical structures. Exact solutions to the light attenuation are usually very
complicated even for model particles with distinctly simplified properties. The anomalous
diffraction approach to the light absorption, despite neglecting the reflection and refraction
when considering interaction between the light and the particles, seems to enhance an
approximate but effective analysis and provides an interpretation of their absorption spectra
shape. We showed that for power-law particle size distribution some solutions and approxima-
tions based on ADA can be related to the homogeneous particles of theoretically any shape.
The key parameter determining the shape of the particles’ absorption is lp	

�1. A power
function of lp	

�1 approximates the absorption dependency on lp spectrum in the most simple
manner being in fact a modification of the classical Angstrom law (Eq. 25). Despite we focused
on non-algal particles it can be expected that this relation can be applied in the case of the
phytoplankton absorption as well. In particular, the obtained results can be useful in various
studies involving the absorption coefficient as an important factor.
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