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Dynamic Random Utility*

Mira Frick Ryota lijima Tomasz Strzalecki

Abstract

We provide an axiomatic analysis of dynamic random utility, characterizing the
stochastic choice behavior of agents who solve dynamic decision problems by maximizing
some stochastic process (U;) of utilities. We show first that even when (Uy) is arbitrary,
dynamic random utility imposes new testable restrictions on how behavior across periods
is related, over and above period-by-period analogs of the static random utility axioms:
An important feature of dynamic random utility is that behavior may appear history
dependent, because past choices reveal information about agents’ past utilities and (Uy)
may be serially correlated; however, our key new axioms highlight that the model entails
specific limits on the form of history dependence that can arise. Second, we show that
when agents’ choices today influence their menu tomorrow (e.g., in consumption savings
or stopping problems), imposing natural Bayesian rationality axioms restricts the form
of randomness that (U;) can display. By contrast, a specification of utility shocks that
is widely used in empirical work violates these restrictions, leading to behavior that may
display a negative option value and can produce biased parameter estimates. Finally,
dynamic stochastic choice data allows us to characterize important special cases of ran-
dom utility—in particular, learning and taste persistence—that on static domains are

indistinguishable from the general model.
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1 Introduction

1.1 Motivation

Random utility models are widely used throughout economics. In the static model, the agent
chooses from her choice set by maximizing a random utility function U. In the dynamic model,
the agent solves a dynamic decision problem, subject to a stochastic process (U;) of utilities.
The key feature of the model is an informational asymmetry between the agent (who knows
her realized utility) and the analyst (who does not). In both the static and dynamic setting,
this asymmetry gives rise to choice behavior that appears stochastic to the analyst but is
deterministic from the point of view of the agent.!

A classic literature in decision theory axiomatically characterizes the stochastic choice be-
havior that is implied by any static random utility model, regardless of the details of the
agent’s random utility function (see Section 7.1). Axiomatic analysis helps shed light on which
behavior (e.g., the “attraction effect”) this model rules out, as well as which behavior (e.g.,
the restrictive “independence of irrelevant alternatives” assumption) is implied only by specific
parametric versions of random utility but not by the general model.? Moreover, some axioms
have inspired empirical tests of the model (e.g., Hausman and McFadden, 1984; Kitamura and
Stoye, 2018).

This paper provides the first axiomatic characterization of the fully general and non-
parametric model of dynamic random utility. Our analysis yields the following main insights.
First, we show that even when the agent’s utility process is arbitrary, dynamic random utility
imposes new testable restrictions on how behavior across periods is related, over and above
period-by-period analogs of the static random utility axioms. An important feature of dynamic
random utility is that behavior generally appears history dependent to the analyst, because past
choices reveal some information about past utilities and (U;) may display serial correlation: For
example, we expect an agent’s probability of voting Republican in 2020 to be different condi-
tional on voting Republican in 2016 than conditional on voting Democrat in 2016, as her past
voting behavior reflects her past political preferences, which are typically at least somewhat
persistent.> However, our key new axioms highlight that any dynamic random utility model
imposes specific limits on the form of history dependence that can arise.

Second, in many dynamic decision problems, such as consumption-savings or optimal stop-

"'We interpret this stochastic choice data as the analyst’s observation of a large population of individuals whose
heterogeneous (resp. stochastically evolving) utilities are realized according to U (resp. U;). By convention, we
use “the agent” to refer to any one of these individuals whose identity is unknown to the analyst; see Section 2.2.3.

2See, e.g., Huber, Payne, and Puto (1982) and Block and Marschak (1960).

3Throughout the paper, we restrict attention to the case where utilities U, evolve ezogenously. Thus, from
the point of view of the agent, past choices have no effect on current utility. As we discuss in Section 7.2, our
characterization can be extended to allow for the latter effect (e.g., due to habit formation or active learning).



ping problems, the agent’s choices today also influence her menu tomorrow. Our second main
result shows that imposing natural Bayesian rationality axioms on behavior in such settings
restricts the random evolution of the agent’s utility process. Specifically, randomness in U,
must arise from shocks to the agent’s evaluation of instantaneous consumptions, and utilities
across periods are related by a Bellman equation that correctly anticipates future shocks. By
contrast, we show that a second form of utility shocks, shocks to actions, that are statistically
convenient and widely used in the empirical literature on dynamic discrete choice (DDC) can
give rise to behavior that violates basic features of Bayesian rationality.

Third, even when the agent only faces sequences of static choice problems and today’s
choices do not influence tomorrow’s menu, dynamic stochastic choice data makes it possible to
distinguish important models of utility shocks that are indistinguishable on static domains. In
particular, relative to the case of arbitrarily evolving utilities, we characterize the additional
behavioral content of an agent with a fixed but unknown utility about which she learns over
time and of an agent who displays taste persistence.

Our results are complementary to the DDC literature. The latter studies dynamic random
utility models, and associated phenomena such as history dependence and choice persistence,
with focus on identification and estimation. This paper provides decision-theoretic foundations
that focus on testable implications, comparative statics, and distinctions between key special
cases of dynamic random utility. We hope that the modeling tradeoff between shocks to con-
sumption and shocks to actions that we highlight will stimulate a conversation about desirable

properties of models and the ways to resolve this tradeoff.

1.2 Overview

Section 2 sets up our model of dynamic random expected utility (DREU). This generalizes the
static random expected utility framework of Gul and Pesendorfer (2006) to decision trees as
defined by Kreps and Porteus (1978). Each period ¢, the agent chooses from a menu A; of
lotteries p; that determine both her current consumption z; and tomorrow’s menu A, ;. Her
choices maximize a random vNM utility U; whose realizations are governed by a probability
distribution p over a state space €2 that allows for arbitrary serial correlation of utilities. From
the point of view of the analyst, this generates a history dependent stochastic choice rule: A
history h'™' = (Ao, po, ..., Ai_1,pi_1) summarizes that the agent chose lottery py from menu
Ay, then faced A; and chose p;, and so on. Following any history hA!~!, the analyst observes the
conditional choice probability p;(ps; A¢|ht™1) of p; from menu A;. In particular, in period ¢ = 0

there is no history to condition on, so ignoring ties, po(po; Ao) = 1 (Up(po) = maxyea, Uo(qo)),



just as under static random utility. In period ¢t = 1, we have

p1(p1; Ai| Ao, po) = p (U1(p1) = max U (q1) } Uo(po) = max Uo(Qo)) )
Q€A qo€Ao

and analogously for any ¢ > 1.

Section 3 characterizes DREU. Our key new axioms capture the following idea: As history
dependence under DREU results purely from the information that past choices reveal about
the agent’s utility, this entails certain forms of history independence. Specifically, we identify
two simple cases in which histories h'~! and ¢'~! reveal the same information about the agent’s
utilities, and we require that choice behavior p;(-|h*~1) and p;(+]g* ') following two such histories
must coincide. Axiom 1, contraction history independence, considers the case where h'=! can
be obtained from ¢*~! by eliminating some options that are “irrelevant” to choices along the
history g'~! (see Example 1 for an illustration). This rules out certain dynamically “irrational”
behavior such as the “mere exposure effect,” where the mere presence of some option that the
agent does not choose today might affect her behavior tomorrow.

Axiom 2, linear history independence, considers h'~! and ¢'~! that are “linear combinations”
of each other. As Example 2 illustrates, this axiom provides a conceptual justification for a
lottery-based extrapolation procedure we use to overcome the “limited observability” problem,
an important challenge specific to the dynamic setting: Whereas in the static domain the
analyst observes choices from all possible menus, in the dynamic setting any history of past
choices restricts the set of current and future choice problems, which over time, severely limits
the history-dependent choice data observable to the analyst. Theorem 1 shows that Axioms 1
and 2, along with a continuity condition and Gul and Pesendorfer’s (2006) axioms that ensure
static random utility maximization at each history, fully characterize DREU.

In DREU, the utility process (U;) is unrestricted and in principle allows the agent to be
myopic or suffer from temptation problems. Section 4 studies the important special case of
Bayesian evolving utility (BEU), where the agent is dynamically sophisticated and forward-
looking with a correct assessment of option value. BEU is obtained by imposing Bayesian
rationality axioms on DREU; specifically, we adapt the preference for flexibility and dynamic
sophistication conditions from the menu preference literature to our stochastic choice setting.
Theorem 2 shows that these axioms yield a utility process (U;) where the agent’s evaluation of

current consumption z; and continuation menu A, satisfies the Bellman equation

Ui(2t, Ary1) = ug(2) + 6 E | max Ut+1(pt+1)|-7:t

Pe+1E€AL11

for some process (u;) of random felicities, (4;) of stochastic discount factors, and a filtration

(F:) that represents the agent’s private information.



Section 5 contrasts BEU with dynamic discrete choice (DDC) models. BEU is a special case
of the most general DDC model. However, for estimation purposes, most DDC models subject
the agent’s utility over continuation menus to additional randomness (shocks to actions) that
may be completely detached from their continuation value; Example 3 illustrates this in the
context of a simple stopping problem. Relative to BEU, we highlight the following modeling
tradeoff. On the one hand, shocks to actions are statistically more convenient, but unlike BEU,
they can lead to violations of a key feature of Bayesian rationality, positive option value: For
example, we show that more often than not, the agent chooses to make decisions as early as
possible, even when delay is costless and could provide her with better information about her
payoffs; moreover, greater uncertainty about her utilities may lead her to value delay less. In
settings such as Example 3, we also show that the conceptual differences between the two
models translate into systematically different parameter estimates.

Finally, Section 6 restricts to the simpler subdomain of atemporal consumption problems,
where each period agents choose only (lotteries over) today’s consumption and their current
choices do not affect tomorrow’s menu. Choice data on this domain is often featured in empir-
ical work (e.g., the literature on brand choice dynamics) and an important regularity is that
choices tend to display some “persistence.” As Example 1 illustrates, we show that two natural
forms of choice persistence capture the additional behavioral content of two important special
cases of BEU: Bayesian evolving beliefs (BEB), where current felicity u,; represents the agent’s
expectation of her fixed but unknown tastes @ about which she receives new information each
period; and the case where u; displays a non-parametric form of taste persistence. On our
original domain, Theorem 3 provides an alternative characterization of BEB in terms of a con-
sumption stationarity axiom that reflects the martingale property of beliefs. We also show that,

unlike BEU, under BEB the agent’s discount factor process is uniquely identified.

1.3 Illustrative Examples

Example 1 (Brand choice dynamics). A large marketing literature studies repeated consumer
choices between different brands.* In this data, history-dependent choices are widely observed;
as an illustration, in Figure 1 (left), brand x is most popular at all nodes, but period 1 behavior
differs substantially across consumers who chose x in period 0 and those who chose y.

As discussed in the introduction, under dynamic random utility, history dependence can
result from the fact that agents’ tastes (u;) may be serially correlated. However, our axioms
in Section 3.1 show that even under arbitrary serial correlation of utilities, there are limits on
the forms of history dependence that can arise. For example, suppose an ex ante identical

population of consumers additionally face brand z in period 0 and choice frequencies are as in

4See the references in Section 6.



Figure 1: Brand choice.

Figure 1 (right). As we will see, our Axiom 1 (contraction history independence) implies that
the period-1 choice frequencies among consumers who chose x in period 0 must be the same in
both decision trees in Figure 1. This is because z is an “irrelevant” alternative from the point
of view of x, as it does not affect x’s demand share.

In addition, we characterize precisely which non-parametric forms of serial correlation in
(ug) correspond to certain widely documented forms of history dependence. Specifically, the
data in Figure 1 (left) displays consumption inertia, where a sizable share of consumers who
chose y in period 0 chooses it again over x in period 1, and consumption persistence, where
the share of consumers choosing y in period 1 is higher among those who chose y in period
0 than among those who chose = in period 0. Section 6 shows that on simple domains such
as the one in Figure 1, consumption inertia characterizes consumers with fixed but unknown
utilities @ about which they learn over time; i.e., u; represents their expectations of u given
period ¢ information (as in our BEB model). By contrast, consumption persistence characterizes
consumers whose tastes u; display a particular form of positive serial correlation that we call
taste persistence. We also provide comparative statics of behavior with respect to the amount

of taste persistence. A

Example 2 (School choice). Unlike Example 1, in many economic settings agents’ choices today
also affect their menus tomorrow. Figure 2 (left) provides a stylized example in the context
of school choice. In period 0, parents decide to enroll their child in one of two elementary
schools, which differ along many decision-relevant dimensions. Upon enrolling, parents must
then choose between a number of after-school care options: H (stay at home/leave the child
with relatives); P (a high quality but high cost private after-school center); or S (a more basic

and lower cost after-school program offered only by school 1). Thus, choosing school 1 leads to



Figure 2: School choice.

period-1 menu {H, P, S}, whereas school 2 leads to menu {H, P}.

In such settings, history-dependent choice behavior can result from dynamic selection effects:
Different types of parents select into each school, so the observed choices from {H, P, S} and
from {H, P} do not reflect the unconditional choice frequencies that would arise if all parents

made choices from either menu.’

Failure to account for this may lead to spurious violations
of random utility. For example, in Figure 2 (left), the share of parents choosing P is larger at
school 1 (30%) than school 2 (20%), despite the fact that more options are available at school 1.
Ignoring history dependence, this behavior appears to violate the Regularity axiom, which is
a well-known implication of static random utility (Block and Marschak, 1960). However, it is
entirely consistent with dynamic random utility maximization, because under serially correlated
private information the preferences of parents at each school will differ.® In Section 3.3, we
show that under dynamic random utility, period-by-period versions of the static random utility
axioms are valid only if the analyst controls for past choices.

As discussed in the introduction, another important challenge implied by history dependence
is limated observability. For example, in the left-hand decision tree in Figure 2 we do not observe
the counterfactual frequencies with which parents at school 1 would choose between H and P
if S was not available to them; and given dynamic selection, we cannot simply infer these from

the corresponding choice frequencies of parents at school 2. However, in practice many schools

This is a key difference between our setting and (i) Ahn and Sarver (2013) and (ii) Fudenberg and Strzalecki
(2015): (i) assume that period-0 choices between menus are deterministic; (i) assume that the agent’s utility
process is i.i.d. In either case, there are no dynamic selection effects and period-1 choices from menus are
history-independent.

E.g., a preference for other features of school 2 may happen to be strongly correlated with a preference for
H; or parents for whom H is more costly might select disproportionately into school 1 because it expands their
outside-the-home options.



ration their seats via lotteries, a fact that is widely exploited in the empirical literature on
school choice to generate quasi-experimental variation.” This is illustrated in the right-hand
tree in the figure, where each application to school 1 is successful with probability A and the
parent must select school 2 otherwise. In Section 3.2, we show how in such settings, the analyst
can extrapolate the choices that school 1 parents in the left-hand tree would make from the
set {H, P} by looking at choices of parents in the right-hand tree who applied to school 1 but
were rejected by the lottery. Our Axiom 2 (linear history independence) provides a conceptual
justification for this extrapolation procedure, as it implies that the inference does not depend

on the randomization probability A. A

Example 3 (Optimal stopping). Consider the following optimal stopping problem. The agent
can consume a in period 0 (and nothing in period 1) or defer consumption and then choose
between a or b in period 1, whichever she prefers at that point. For example, suppose b is a more
expensive substitute for a that the agent can only afford by foregoing consumption in period 0
and accumulating enough savings by period 1; or b is a new model with release date scheduled

for period 1. Figure 3 depicts the decision tree, where A; := {a, b} and Ay := {a, A1 }.

a

A

Figure 3: Optimal stopping.

How the agent resolves the tradeoff between immediate consumption and the option value
of delay depends on the underlying structural parameters: the distribution of utility shocks and
the discount factor §. Section 5 contrasts two models of utility shocks: Shocks to consumption
apply only to instantaneous consumptions and affect the agent’s evaluation of tomorrow’s menu
only through her anticipation of future shocks to consumption; by contrast, shocks to actions
subject today’s evaluation of tomorrow’s menu to an additional shock that may be completely
detached from its continuation value. We show that this is the main difference between our BEU
model (shocks to consumption) and many widely used models in the DDC literature (shocks
to actions).

In the present example, compare the following specifications of BEU and DDC, where all

shocks are assumed i.i.d. for simplicity. BEU assigns shocks €2, €4, and &% to the instantaneous

"E.g., Abdulkadiroglu, Angrist, Narita, and Pathak (forthcoming); Angrist, Hull, Pathak, and Walters (forth-
coming); Deming (2011); Deming, Hastings, Kane, and Staiger (2014).



consumptions in periods 0 and 1, and the latter two enter the continuation value to menu Aj:
U™ (a) = v(a) + &f and U™ (A;) = 6E [max{v(a) + &, v(b) + £}}] .

By contrast, i.i.d. DDC assigns an additional shock 50A ! to the period 0 action of delaying and

choosing menu A;, even though this entails no instantaneous consumption:
UyP(a) = v(a) + €§ and UyP(A;) = 6E [max{v(a) + £{, v(b) + £} }] + e,

Section 5 shows that shocks to actions can lead to counterintuitive behavior, such as a
negative option value. Additionally, they can result in biased parameter estimates: In the
present example, the maximum likelihood estimate of the discount factor under i.i.d. DDC is

exaggerated relative to BEU. A

2 Static vs. Dynamic Random Utility

For any set Y, denote by IC(Y') the set of all nonempty finite subsets of Y and by A(Y") the set of
all simple (i.e., finite support) lotteries on Y'; henceforth, all references to lotteries are to simple
lotteries. Whenever Y is a separable metric space, we endow A(Y') with the induced Prokhorov
metric and K(Y) with the Hausdorff metric. Let RY denote the set of vNM utility indices
over Y, which is endowed with the product topology and its induced Borel sigma-algebra. For
any U,U" € RY, write U ~ U’ if U and U’ represent the same preference on A(Y'). For any
finite set of lotteries A € IC(A(Y)), let M(A,U) := argmax, 4, U(p) denote the set of lotteries
in A that maximize U, where U(p) := >_ .00 U(¥)p(y) denotes the expected utility of any
p € A(Y). For any A,B € K(A(Y)) and « € [0,1], define the a-mixture of A and B by
aA+(1—a)B:={ap+(1—a)g:pe A,qe B} € C(A(Y)).

2.1 Static Random Utility

We first briefly review the static model of random expected utility that will serve as the build-
ing block of our dynamic representation at each history. The model is based on Gul and
Pesendorfer (2006), but allows for an infinite outcome space; this extension is necessary for our
purposes, because in the dynamic setting the period-t outcome space X, consisting of all pairs
of current consumptions and continuation menus, will be infinite in all but the final period. In
Section 2.2.3, we interpret the stochastic choice data that this model gives rise to in terms of a
large population of heterogeneous individuals whose identities are unknown to the analyst, but
by convention, we express the model and axioms in terms of the behavior of any one of these

individuals, referred to as “the agent.”



2.1.1 Agent’s problem

Let X be an arbitrary separable metric space of outcomes. The agent makes choices from
menus, which are finite sets of lotteries over X; the set of all menus is A := K(A(X)). Denote
a typical menu by A and a typical lottery by p. Let (2, F*, ) be a finitely-additive probability
space. In each state of the world, the agent’s choices maximize her expected utility subject to
her private information. Her payoff-relevant private information is captured by a sigma-algebra
F C F* and an F-measurable random vNM utility index U : Q — R¥. In case of indifference,
ties are broken by a random vNM index W :  — R¥, which is measurable with respect to F*.
Thus, when faced with menu A, the agent chooses lottery p in state w if and only if p maximizes
U(w) in A and, in case of ties, additionally maximizes W (w) among the U (w)-maximizers. The
event in which the agent chooses p from A is C(p, A) :={w e Q:pe M(M(A,U(w)), W(w))}.

For tractability, we follow Ahn and Sarver (2013) in assuming that the agent’s payoff-
relevant private information (F,U) is simple, i.e., (i) F is generated by a finite partition such
that u(F(w)) > 0 for every w € Q, where F(w) denotes the cell of the partition that contains
w; and (ii) each U(w) is nonconstant and U(w) % U(w’) whenever F(w) # F(w'). Moreover,
the tie-breaker W is proper,® ensuring that under W ties occur with probability 0 in each menu;
that is, u({w € Q : [M(A,W(w))| =1}) =1 for all A € A.

2.1.2 Analyst’s problem

The analyst does not observe the agent’s private information and thus cannot condition on
events in F. Because of this informational asymmetry, the agent’s choices appear stochastic
to the analyst.” His observations are summarized by a stochastic choice rule on A, i.e., a
map p : A — A(A(X)) such that >, p(p,A) = 1 for all A € A Here p(p, A) denotes
the probability with which the agent chooses lottery p when faced with menu A. If the agent
behaves as in the previous section, then the event that the agent chooses p from A is C'(p, A).
Thus, the analyst’s observations are consistent with the previous section if p(p, A) = p(C(p, A))
for all p and A.

Definition 1. A static random expected utility (REU) representation of the stochastic choice
rule p is a tuple (2, F*, u, F, U, W) such that (2, F*, 1) is a finitely-additive probability space,
the sigma-algebra F C F* and the F-measurable utility U : Q — R¥ are simple, the JF*-
measurable tiebreaker W : Q — R¥ is proper, and p(p, A) = u(C(p, A)) for all p and A.

8This property is sometimes called “regular” in the literature; we use the term “proper” to avoid confusion
with the Regularity axiom (Axiom 0 (i)) below.

9If the analyst observed the true state, choices would appear deterministic and could be summarized by a
vNM preference 77,.

10



2.1.3 Characterization

For finite outcome spaces X, static REU representations have been characterized by Gul and
Pesendorfer (2006) and Ahn and Sarver (2013). As a preliminary technical contribution, we
extend their characterization to simple lotteries over arbitrary separable metric spaces X. The
first four conditions of the following axiom are the same as in Gul and Pesendorfer (2006). The

fifth condition is a slight modification of the finiteness condition in Ahn and Sarver (2013).
Axiom 0. (Random Expected Utility)

(i). Regularity: If A C A’ then for all p € A, p(p; A) > p(p; A7).

(). Linearity: Forany A, p € A, A € (0,1), and q, p(p; A) = p(Ap+ (1 =N)g; \A+(1=N){q}).
(iii). Extremeness: For any A, p(extA; A) = 1.1°

(iv). Mizture Continuity: p(-; A+ (1 — «)A’) is continuous in « for all A, A’

(v). Finiteness: There is K > 0 such that for all A, there is B C A with |B| < K such that for
every p € A\ B, there are sequences p” —™ p and B" —™ B with p(p™; {p"} U B") =0

for all n.

For condition (iv), o +— p(-; A + (1 — a)A’) is viewed as a map from [0, 1] to A(A(X)),
where A(A(X)) is endowed with the topology of weak convergence induced by the Prokhorov
metric on A(X). For condition (v), convergence in mizture, denoted —™, on A(X) and A is
defined as follows: For any p € A(X) and sequence {p"},en € A(X), we write p" —™ p if
there exists ¢ € A(X) and a sequence {a, }neny with a;, — 0 such that p" = a,q+ (1 — a,,)p for
all n. Similarly, for any sequence {B"},en C A, we write B” —™ p if there exists B € A and
a sequence {ay, neny with o, — 0 such that B” = o, B + (1 — ay,){p} for all n. Finally, for any
A € A and sequence (A"),en € A, we write A" =™ A if for each p € A, there is a sequence
{B!}nen € A such that Br —™ p and A" = U, B for all n.

Theorem 0. The stochastic choice rule p on A satisfies Axiom 0 if and only if p admits an

REU representation.

Proof. See Supplementary Appendix F. [ |

2.2 Dynamic Random Utility

Motivated by the examples in Section 1.3, in what follows, we set up and characterize a general
model of dynamic random utility.

10Here extA denotes the set of extreme points of A.

11



2.2.1 Agent’s Problem

The agent faces a decision tree, as defined by Kreps and Porteus (1978). There are finitely
many periods t = 0,1,...,T. There is a finite set Z of instantaneous consumptions. Each
period t, the agent chooses from a period-t menu, which is a finite set of lotteries over the
period-t outcome space X;. The spaces X; are defined recursively. The final period outcome
space Xp := Z is just the space of instantaneous consumptions; the set of all period-T menus
is Ar := K(A(X7)). In all earlier periods ¢ < T — 1, the outcome space X; 1= Z x Ay
consists of all pairs of current period consumptions and next period continuation menus; the
set of period-t menus is A; := K(A(X;)).!! Denote a typical period-t lottery by p; € A(X;) and
a typical menu by A; € A;. The agent’s choice of p; € A; determines both her instantaneous
consumption z; and the menu A, from which she will choose next period; let p? € A(Z) and
pit € A(Aiy 1) denote the respective marginal distributions.

As in the static model, let (2, F*, 1) be a finitely-additive probability space. Under dynamic
random ezpected utility (DREU), in each state of the world and in each period, the agent’s
choices maximize her expected utility subject to her dynamically evolving private information.
The agent’s payoff-relevant private information is captured by a filtration (F;)o<;<r € F* and
an F;-adapted process of random vNM utility indices U, : Q — Rt over X,. This allows for
arbitrary serial correlation of utilities, but does not allow the utility process to depend on past
consumption; Section 7.2 discusses how to relax the latter restriction. In case of indifference,
ties at each ¢ are broken by a random F*-measurable vNM utility index W, : 2 — X, where we
impose dynamic analogs of simplicity and properness that we define at the end of this section.
Thus, as before, when faced with menu A; in period ¢, the agent chooses lottery p; in the event
Cpe, Ar) == {w € Q: pr € M(M (A, Up(w)), Wi(w))}-

DREU is a very general model because it imposes no particular structure on the family (U;).
This is the most parsimonious setting in which to isolate the behavioral implications of serially
correlated private information. DREU could also accommodate various behavioral effects, such
as temptation or certain forms of “mistakes” (e.g., Ke, 2018), which in the static setting are
indistinguishable from random utility maximization. However, the following important special
case rules out these possibilities.

Bayesian evolving utility (BEU) captures a dynamically sophisticated agent who correctly
takes into account the evolution of her future preferences. There is an F;-adapted process of
random felicity functions u; : © — RZ over instantaneous consumptions and an Fi-adapted

process of discount factors o, : 2 — R, such that Uy = ur and U, for t < T — 1 is given by

A small technical difference from Kreps and Porteus (1978) is that they use Borel instead of simple lotteries
and compact instead of finite menus, but as in their setting we can verify recursively that each X, is a separable
metric space under the appropriate topologies (see Lemma E.1).
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the Bellman equation

Ui(zt, A1) = wi(z) + GE | max Uy (pega) [ F | - (1)

Pi+1€AL1
In (1) the process of discount factors is not identified. An important special case of BEU
where the process ¢; is identified is Bayesian evolving beliefs (BEB).'? This captures the setting,
discussed in Example 1, where the agent has a fixed but unknown felicity about which she learns

over time. Formally, there is an F*-measurable random felicity @ : @ — RZ such that for all ¢'3
uy = ElalF). (2)

For all three models, we impose the following dynamic analogs of simplicity and proper-
ness. The pair (F;, Up)o<i<r is simple, i.e., (i) each F; is generated by a finite partition
such that p(Fi(w)) > 0 for every w € 2, where F;(w) again denotes the cell of the par-
tition that contains w; and (ii) each U;(w) is nonconstant, and Uy(w) % Ui(w') whenever
Filw) # Fi() and Fi(w) = Fr_1(w')."* The tiebreakers (W;)o<i<r are proper, i.e., (i)
pu{w e Q: |[M(A;, Wi(w))| = 1}) = 1 for all A, € Ay; (ii) conditional on Fr(w), W, ..., Wr
are independent; and (iii) u(W; € B;|Fr(w)) = u(W; € B,|Fi(w)) for all t and measurable B;."?

2.2.2 Analyst’s Problem

As in the static setting, the agent’s choices in each period ¢t appear stochastic to the analyst,
because he does not have access to the agent’s private information. The novel feature of the
dynamic setting is that the analyst can observe the agent’s past choices. With serially correlated
utilities, these choices convey some information about the payoff-relevant private information
F3, so that the agent’s behavior additionally appears history dependent to the analyst.

This is captured by a dynamic stochastic choice rule p, which for any period ¢ and history
of past choices summarizes the observed choice frequencies from any menu A; that can arise
after this history. We define choice frequencies and histories recursively. Choice frequencies
in period 0 are given by a (static) stochastic choice rule py : Ay — A(A(Xp)) on Ap; thus,
po(po; Ag) denotes the probability with which the agent chooses lottery py when faced with

12We allow for the possibility that discount factors are stochastic and/or evolving, but it is straightforward
to characterize the case of a fixed discount factor § € R, ;. See the discussion following Theorem 3.

I3BEB is a model of passive learning, because the agent’s choices do not affect her filtration F;. A
consumption-dependent extension of BEB (see Section 7.2) can accommodate active learning/experimentation,
where each period the agent obtains additional information from her consumption z;.

UFor t = 0, we let F;_(w) := Q for all w.

15(ii) rules out additional serial correlation of tiebreakers, over and above the serial correlation inherent in
the agent’s payoff-relevant private information Fr(w). (iii) ensures that to the extent that period-¢ tie breaking
relies on payoff-relevant private information, it can rely only on the information F;(w) available at ¢.
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menu Ag. The choices that occur with strictly positive probability under p, define the set of
all period 0 histories Ho := {(Ao, po) : po(po, Ag) > 0}. For any history h® = (Ag, po) € Ho, let
Ay (h°) := supp pi' denote the set of period 1 menus that follow h° with positive probability.

For t > 1 the objects H; and Ay, (h') are defined recursively. For any history hf™t € H;_1,
choice frequencies following h'~! are given by a stochastic choice rule p;(-|h'™1) : A;(h*™1) —
A(A(Xy)) on the set A (h'™!) of period ¢ menus that follow h'~! with positive probability;
thus, pi(pe; As | '~1) denotes the probability with which the agent chooses p; when faced with
menu A; after history h'~!. The set of period-t histories is H; = {(h'™1, Ay, pr) @ W71 €
Hi 1 and Ay € Ay(R'1) and py(py; Ae|ht™1) > 0}; this contains all sequences (A, po, - - -, Az, pr)
of choices up to time t that arise with positive probability. Finally, for each ¢t < T — 1, the
set of period ¢ + 1 menus that follow history h' = (h'~!, A;,p;) with positive probability is
Ays1(hY) := supp p#* and the set of period-t histories that lead to A;,; with positive probability
is Hy(Apr) :={ht € Hy: Apr € A (WD}

Two features of the primitive are worth noting: First, for each ¢t > 1 and history A= € H,_,
the stochastic choice rule p;(-|h'~!) is defined only on the subset A;(hi™!) C A; of period ¢ menus
that arise with positive probability after h'~'—typically very few menus. This reflects a key
property of the decision-tree formulation that we term limited observability, whereby histories of
choices also encode all possible future menus that the agent will face, as illustrated in Example 2.
Nevertheless, Section 3.2 will show that under DREU the analyst can extrapolate from p;(-|h'™!)
to a well-defined stochastic choice rule on the whole of A;. Second, histories only summarize the
agent’s past choices of py, from Ay and do not keep track of realized consumptions z; € supp p7.
This is without loss in the current model where utilities are not affected by past consumption,
but Section 7.2 discusses a generalization of our model that relaxes this assumption.

Under DREU, the private information revealed to the analyst by history hf™! =
(Ao, Do, -, A1, pi—1) is given by the event C'(h*=1) := (,_ C(pk, Ax).'® Thus, the analyst’s
observations are consistent with DREU if the probability with which the agent chooses p; from
Ay following history h'™! is equal to the conditional probability wu[C(ps, A¢)|C(h™1)] of the
event C(py, A;) given C(h'™1).

The following definition summarizes the dynamic model:

Definition 2. A dynamic random expected utility (DREU) representation of the dynamic
stochastic choice rule p is a tuple (2, F*, u, (Fy, Uy, Wi)o<i<7) such that (Q, F*, u) is a finitely-
additive probability space, the filtration (F;) C F* and the Fj-adapted utility process
U, : Q — RXt are simple, the F*-measurable tiebreaking process W; : Q — R*t is proper,

16Note that C(h!~!) does not keep track of the random realizations of menus Ay, € supp p;' along the sequence
ht~1, as this exogenous randomness does not reveal any information about the agent’s private information.
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and for all p; € A; and h'™' € H;_1(Ay),

pe(p; Aelh'™1) = p [Clpr, ADIC(R)] (3)

where for ¢ = 0, we abuse notation by letting C'(h'™1) := Q and po(po; Ao|h™") := po(po; Ao).

A Bayesian evolving utility (BEU) representation is a DREU representation along with -
adapted processes of felicities u; : @ — R? and discount factors &; : Q© — R, such that (1)
holds. A Bayesian evolving beliefs (BEB) representation is a BEU representation along with
an F*-measurable felicity @ : Q — RZ such that (2) holds.

2.2.3 Discussion

Lotteries as choice objects. In addition to allowing us to model choice behavior under
risk, including lotteries in the domain of choice simplifies our analysis, as it allows us to rely
on the static framework of Gul and Pesendorfer (2006) instead of the more complicated one
of Falmagne (1978). Lotteries play a similar technical role in the original work of Kreps and
Porteus (1978), by letting them rely on the vNM framework.!” From a conceptual point of
view, we will see in Section 3.2 that lotteries are crucial in overcoming the aforementioned
limited observability problem and we illustrate the availability of lotteries for this purpose with
examples from experimental and empirical work.

Interpretation of data. We interpret the dynamic stochastic choice data p as the analyst’s
observation of a large population of agents that solve each decision tree once; agents have
heterogeneous and evolving utilities that are realized independently according to the model in
Section 2.2 and the analyst does not observe agents’ identities (only their choice histories). This
interpretation resembles available data in empirical analysis. However, (analogous to the static
setting) the results do not rule out an alternative interpretation, whereby the analyst observes
a single agent solve each decision tree repeatedly.!® In either case, p captures the limiting choice
frequencies as the population size/number of observations tends to infinity. Abstracting from
the sampling error in this manner is also typical in the econometric analysis of identification.
In any application, the data set will of course be finite. However, studying behavior on the
full domain is an important step in uncovering all the assumptions that are behind the model;
moreover, statistical tests are often directly inspired by axioms.?

Dynamic stochastic choice vs. ex ante preference. In our framework, the analyst

1"Likewise, the ambiguity aversion literature extensively relies on the Anscombe and Aumann (1963) frame-
work rather than the more complicated one of Savage (1972); the notable exceptions include Gilboa (1987) and
Epstein (1999). Similarly, the menu-preference literature uses lotteries (e.g. Dekel, Lipman, and Rustichini,
2001) to improve upon the uniqueness and comparative statics results of Kreps (1979).

8Here, the agent’s utilities are assumed to evolve according to the same process U, at each observation.

YFor example, Hausman and McFadden (1984) develop a test of the ITA axiom that characterizes the logit
model. Likewise, Kitamura and Stoye (2018) develop axiom-based tests of the static random utility model.
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observes the distribution of choices at each node of each decision tree; as we pointed out, the
randomness in choice comes from an informational asymmetry between agents and the analyst
in each period. By contrast, a widespread approach in the existing dynamic decision theory
literature (e.g., Gul and Pesendorfer, 2004; Krishna and Sadowski, 2014) is to only study a
deterministic preference over decision trees at a hypothetical ex ante stage that features no
informational asymmetry?® or abstracts away from other forces (e.g., temptation) that the
agent anticipates to affect her choices in actual decision trees.?! Compared with this literature,
our approach does not require such a hypothetical stage, and thus the primitive is closer to
actual data economists can observe. Moreover, considering choice behavior in each period, not
just at the beginning of time, allows us to study phenomena such as history dependence and
choice persistence and to test whether the agent’s expectations are correct.

Role of axioms. In addition to their usual positive and normative role, we view our axioms
as serving an equally important purpose as conceptual tools that elucidate key properties of
any dynamic random utility model and facilitate comparisons between different versions of the
model. For example, our axioms in Section 3.1 clarify the nature of history dependence that
can arise under any dynamic random expected utility model; our axioms in Sections 4.2 and
6.2 identify the additional behavioral content of Bayesian evolving beliefs relative to Bayesian
evolving utility; and our comparison of BEU and i.i.d. DDC in Section 5 draws on the axioms

to uncover that the two make opposite predictions about option value.

3 Characterization of DREU

DREU is characterized by four axioms, which we present in the following subsections. First, we
present two history independence axioms that capture the key new implications of the dynamic
model relative to the static one. Building on this, the next subsection shows how the analyst can
extrapolate from each p;(-|h*~1) to an extended choice rule on the whole of A;, thus overcoming
the limited observability problem. The final subsection then imposes the static REU conditions
as well as a technical history continuity axiom on this extended choice rule.

For simplicity of exposition, we present our characterization in the two-period setting
(T = 1); the generalization to an arbitrary finite horizon is straightforward and is provided

in Appendix B.1.

20Ahn and Sarver (2013) study a two-period model with a deterministic menu preference in the first period
and random choice from menus in the second period. Here too there is no informational asymmetry in the first
period.

2n the context of temptation, one exception is Noor (2011), but his is a stationary environment with no
informational asymmetry and the analyst observes deterministic choices at each node of the decision tree.
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3.1 History Independence Axioms

Our first two axioms identify two cases in which histories h° and ¢° reveal the same information
to the analyst. Capturing the fact that history dependence arises in DREU only through the
private information revealed by past choices, the axioms require that period-1 choice behavior
be the same after two such histories.

First, consider two histories h’ = (Ag,po) and ¢° = (By,py) that differ solely in that
Ag C By is a contraction of By, and suppose that both histories arise with the same probability
po(po; Ao) = po(po; Bo). Axiom 1 requires period-1 choice behavior to be the same after h°
and ¢°.

Axiom 1 (Contraction History Independence). If (Ag,po) € Ho(A1) and By O Ay with
Po(po; Ao) = po(po; Bo), then py (5 A1|Ag, po) = p1(+; A1 Bo, po)-

To see the idea, note that in general, the event that pg is the best element of menu By is a
subset of the event that pg is the best element of the smaller menu Ay C By; thus, observing
g° = (By, pp) may reveal more information about the agent’s possible period-0 preferences than
h = (Ag,po). However, since we additionally know that po(po; Ao) = po(po; Bo), the event
that pg is best in Ay but not in By must have probability 0; in other words, we must put zero
probability on any preference that selects py from Ag but not from By. Given this, h° and ¢°
reveal the same information, and hence call for the same predictions for period-1 choices. The
following example illustrates Axiom 1 in a simple setting where agents only choose instantaneous

consumption in each period and today’s choice does not affect tomorrow’s menu.??

Example 4. Consider again the brand choice data from Example 1. Suppose the left and right
panel of Figure 1 respectively represent purchasing data at two stores, A and B. Both stores
typically carry two brands of milk, non-organic (z) and organic (y), but in week 0, store B
exceptionally offers an additional organic brand z. The week-0 purchasing shares at each store
are as in Figure 1. In particular, the share of customers purchasing the non-organic brand x
in week 0 is the same (80%) at both stores. Assume each store has a stable set of weekly
customers whose stochastic process of preferences is identical at both stores.??

If in week 1 both stores carry only x and y, then Contraction History Independence implies
that the week-1 choice frequencies among customers who bought = in week 0 must be the same
at both stores. Indeed, consider any customers Alice of store A and Barbara of store B who
both buy brand z in week 0. Then we have the same information about Alice and Barbara.
Since at store A only x and y were available in week 0, the possible week-0 preferences of Alice

are x -y =z orx>z>=yorz>=zx>y. By contrast, since store B stocked all three brands,

22Gection 6 studies this domain of “atemporal consumption problems” in more detail.
23For simplicity, we assume in the following that all preferences are strict.
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Barbara’s possible preferences are x > y > z or x > z > y. However, since we additionally
know that the week-0 demand share of brand = was the same at both stores, po(z;{z,y,2}) =
po(x;{z,y}) = 0.8, we can conclude that no customers had the ranking z > = > y in week 0.
Therefore, the analyst’s prediction is the same, since the stochastic process that governs the
transition from week-0 to week-1 preferences is the same for Barbara and Alice and in both

cases the analyst conditions on exactly the same week-0 event {x > y = z,x > z > y}. A

This is similar to the idea that in the static setting, Regularity (Axiom 0 (i)) rules out certain
“irrational” behavior such as the attraction effect (e.g., Huber, Payne, and Puto, 1982), where
the mere addition of some unchosen decoy option affects the agent’s choice probabilities over
existing options. Likewise, Contraction History Independence rules out certain dynamically
irrational choice patterns such as the “mere exposure effect” (e.g., Zajonc, 2001), where an
agent’s choices today are influenced by the mere availability of irrelevant options in the past.?*
For instance, in Example 4, the axiom rules out the possibility that Barbara’s choices in week
1 are affected by merely seeing (but not buying) brand z in week 0.

Contraction History Independence only concerns histories h and ¢° that share the same past
choice pg. Our second history independence axiom imposes discipline across certain histories
that feature different choices. This axiom takes into account the fact that the agent is an
expected utility maximizer. Under expected utility maximization, choosing py from Aj reveals
the same information about the agent’s utility as choosing Apy + (1 — A)go from AAy + (1 —
M{qo}. Thus, period-1 choice behavior following history h° = (Ag, pg) or history ¢° = (AAg +
(1 — XM {q}, Apo + (1 — X)qo) should be the same. For instance, in the school choice example
(Example 2), parents who in Figure 2 (left) chose school 1 should make the same choices from
the resulting period-1 menu {H, P, S} as parents who in Figure 2 (right) chose the lottery
A(school 1) + (1 — A)(school 2) and were allocated to school 1.

More generally, for any menu By, if we know that the agent chose some option of the form
Apo+(1—X)qo from AAg+ (1—)\) By but we do not know what ¢y was, this again reveals the same
information as choosing py from Ag. Thus, conditioning on history h° or on the set of histories
G = {\° + (1 — N)(Bo,q) : qo € By} should again yield the same predictions for period-1
choice behavior, where AhY + (1 —\)(By, qo) is shorthand for (AAg+ (1—X)Bg, Apo+ (1 —X)qo).?

This is the content of Axiom 2. To state this formally, define the choice distribution from
A; following any set of histories G® C Ho(A;),

';A GO = ';A 0 pO(go) :
pl( 1| ) gOGZGO Pl( 1|g )ZfOEGO pO(fO)

24(Cerigioni (2017) incorporates the exposure effect into a Luce-style model in a dynamic setting.
25The proof sketch of Theorem 1 in Section 3.4 illustrates the role played by allowing for sets of histories G©,
rather than only singleton histories ¢° = Ah? + (1 — A\)({qo}, qo) in Axiom 2.
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to be the weighted average of all choice distributions p;(+; A;]¢°) following individual histories
in G°, where each history ¢° = (Ag, po) is weighted by the probability that it arises, po(¢°) :=
po(Po; Ao)-

Axiom 2 (Linear History Independence). If h® € Ho(A;) and G° = {\R° + (1 — A\)(Bo, q) :
qo € Bo} C Hy for some \ € (0, 1], then py(+; A |h°) = pi(+; A1|GO).

A number of recent experimental studies feature the following type of setting that allows for
a simple test of Axiom 2: In period 0, subjects are presented with the choice between (i) some
period-1 menu B; and (ii) a lottery that yields some other period-1 menu A; with probability
A and menu By with probability 1 — A; in period 1, subjects make choices from their realized
menus.”0  Here Linear History Independence implies that period-1 choices (from A; or Bj)
among subjects who choose (ii) in period 0 should be independent of the particular value of

A € (0, 1]; this can be tested by exogenously varying this randomization probability.

3.2 Limited Observability

Recall that unlike the static setting, where the analyst observes choices from all possible menus,
the dynamic setting presents a limited observability problem: At each history h°, pi(-|h°) is
only defined on the set A; (h°) of menus that occur with positive probability after h—typically
very few menus. For the rest of the paper, it is key to overcome this problem: Otherwise we
do not have enough data to verify whether observed choices at history h° are consistent with
random utility maximization or to identify whether the agent’s utility process belongs to the
Bayesian evolving utility class or the more specific evolving beliefs class.

The inclusion of lotteries among the agent’s choice objects allows us to do so. In particular,
Linear History Independence provides a formal justification for the “linear extrapolation” pro-
cedure illustrated in the school choice example (Example 2). Consider any menu A; (e.g., the
two-option menu {H, P} in the example) and some history h® = (A, py) that does not lead to
A; (e.g., choosing school 1 from menu {school 1, school 2} in the left-hand tree in Figure 2). To
define the agent’s counterfactual choice distribution from A; following h°, we extrapolate from
a situation where the agent knows that no matter which option in Ay she chooses, with some
fixed probability another option qq that does lead to menu A; will be implemented instead.

More precisely, we pick a lottery gy such that A; € supp g5 and replace menu Ag with AAy+
(1—=X){qo}. This corresponds to the right-hand tree in Figure 2, where the choice between school
1 and school 2 is replaced with the choice between the lottery A(school 1) + (1 — A)(school 2)

26F.g., Toussaert’s (2018) recent experiment on temptation and self-control uses a similar design to dif-
ferentiate between so-called random Strotz agents and Gul and Pesendorfer (2001) agents. Related uses of
randomization over menus in lab experiments include Augenblick, Niederle, and Sprenger (2015); Dean and
McNeill (2016). To avoid certainty effects, these experiments typically do not feature any degenerate lotteries
as in (i), but we abstract away from this for expositional simplicity.
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and school 2.27 As discussed preceding Linear History Independence, under expected utility
maximization, choosing py from Ay reveals the same information about the agent as choosing
Apo+(1—=X)qo from AAg+(1—A){qo}. This motivates defining choice behavior from A, following
history h° = (A, po) by extrapolating from choices following history ¢° = Ah°+(1—X)({qo}, qo):

Definition 3. For any A; € A;, and h® € H,, define

P (1 AL = (5 AR + (1= N ({a0}, 00)) (4)
for some A € (0,1] and ¢y with A; € supp ¢

Linear History Independence justifies Definition 3, as it ensures that the extended choice rule
P’ (- Ay) is well-defined: Lemma E.4 shows that the RHS of (4) does not depend on the specific
choice of A and qo; moreover, ph’(-; Ay) coincides with py(-; A;|h°) whenever h° € Ho(A;). In
the following, we do not distinguish between the extended and nonextended version of p; and
use p;(+; A1|h°) to denote both.

As Example 2 illustrates in the context of school choice, random assignment is prevalent in
many real-world economic environments and is an important tool to obtain quasi-experimental
variation in the empirical literature. While this literature typically leverages such random vari-
ation to identify the causal effect of current choices on next-period outcomes (e.g., test scores in
the case of school choice), Definition 3 suggests exploiting it to make counterfactual inferences
about next-period choices. Even more readily, lotteries over next-period choice problems can
be generated in the laboratory; as discussed following Axiom 2, a growing literature in experi-
mental economics features this type of randomization, and one purpose is precisely to perform

extrapolation procedures akin to Definition 3.

3.3 History-Dependent REU and History Continuity Axioms

For each h°, the extended choice distribution p;(-|h°) from Definition 3 is a stochastic choice
rule on the whole of A;. The next axiom imposes the standard static REU conditions from
Axiom 0 on pg as well as on each p;(:|h°).?® Note that conditioning p; on period-0 histories is
essential; without controlling for past choices, period-1 choice behavior will in general violate

the REU axioms, as illustrated in Example 2.

2"TNote that by definition, menu {M(school 1) + (1 — X)(school 2),school 2} is the same as menu
M school 1, school 2} + (1 — A){school 2}.

28For expositional simplicity, Axiom 3 imposes all static REU conditions on the extended stochastic choice
rule. However, it is worth noting that this is stronger than necessary: For each static REU condition except
Mixture Continuity and Finiteness, imposing the condition only on the non-extended choice rule is enough to
ensure (by Definition 3) that it is also satisfied by the extended choice rule.
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Axiom 3 (History-dependent REU). Both py and p;(-|h°) for each h® satisfy Axiom 0.2

Our final axiom reflects the way in which tie-breaking can affect the observed choice distri-
bution. We first define menus and histories without ties directly from choice behavior. The idea
is that menus without ties are characterized by the fact that slightly perturbing their elements
has no effect on choice probabilities.> We capture such perturbations using convergence in
mixture, as defined following Axiom 0.

Definition 4. The set of period-0 menus without ties, denoted A, consists of all Ay € Ay such
that for any py € Ay and any sequences pj —™ po and By —™ Ag \ {po}, we have

Tim po(pg; By U {pG}) = polpo; Ao).
The set of period 0 histories without ties is Hy := {h® = (Ao, po) € Ho : Ag € A}}.

The following axiom relates choice distributions after nearby histories. To state this formally,
we extend convergence in mixture to histories: We say h%" —™ A if h%" = (A7 p?) and
h? = (Ag, po) satisty Ar —™ Ay and pp —™ po.

Axiom 4 (History Continuity). For all Ay, p;, and h°,
pr(pr; A[R°) € coflim py(pr; Ar[R%") : A% =™ h? and K" € Hg}.

In general, if period-0 histories are slightly altered, we expect subsequent period-1 choice
behavior to be adjusted continuously, except when there was tie-breaking in the past. If the
agent chose pg from Aj as a result of tie-breaking, then slightly altering the choice problem
can change the set of states at which p, would be chosen and hence lead to a discontinuous
change in the private information revealed by the choice of py. The history continuity condition
restricts the types of discontinuities p; can admit, ruling out situations in which choices after
some history are completely unrelated to choices after any nearby history. Specifically, the
fact that choice behavior after h° can be expressed as a mixture of behavior after some nearby
histories without ties reflects the way in which the agent’s tie-breaking procedures may vary

with her payoff-relevant private information.

2Lemma E.1 verifies that each X; (t = 0,1) is a separable metric space. Then Mixture Continuity and
Finiteness make use of the same convergence notions as defined following Axiom 0.

30Lu (2016b) and Lu and Saito (2018a) use an alternative approach, directly incorporating into the primitive a
collection of measurable sets that capture the absence of ties and defining choice probabilities only on measurable
subsets of each menu. Their approach requires that ties occur with probability either zero or one, so is not
applicable to our setting. Our perturbation-based approach is similar in spirit to Ahn and Sarver (2013).
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3.4 Representation Theorem

Theorem 1. Suppose that 7' = 1. Then the dynamic stochastic choice rule p satisfies Axioms 1—
4 if and only if p admits a DREU representation.

The proof of Theorem 1 appears in Appendix B. We now sketch the argument for sufficiency.
Readers wishing to proceed directly to the analysis of Bayesian evolving utility and evolving
beliefs may skip ahead to Section 4.

First, Axiom 3 together with Theorem 0 yields a static REU representation Ry =
(Q0, F&, o, Fo, Uy, Wo) of pg. For each h’ € Hy, Axiom 3 and Theorem 0 also imply that
p1(-|h°%) admits a static REU representation, but without ensuring any relationship between
the period-0 and period-1 representations. By contrast, DREU requires that Ry be extended to
a representation on a single probability space €2, u such that p;(p1; A1|Ao, po) is the conditional
probability of the event C'(py, A1) given the event C(pg, Ao).

To obtain such a representation, we only construct static REU representations of p; following
specific histories that uniquely reveal the agent’s period-0 utility. Concretely, by simplicity of
(Uy, Fo), there are finitely many possible realizations Uy, ..., UZ of the agent’s period-0 utility,
where all U} are nonconstant and ordinally distinct. Thus, standard arguments (Lemma E.2)
yield a menu Dy = {¢} : i = 1,...,n} that strictly separates period-0 utilities, in the sense that
each ¢} is chosen from Dy precisely when the agent’s utility is Ug; that is, the event Cy(q), Do)
in Q equals the event {Uy = U}}. Figure 4 illustrates. Let R} = (Q4, Fy*, ut, Fi, U}, W}) be a
static REU representation of p(-| Dy, ¢3).

The key step is to combine Ry and R! into a representation of p; following arbitrary histories

(Ao, po). Specifically, we show that for any p; and Ay,
01(]91; Al\Ao,po) = Zui (Ci(]?hAl)) Ko ({Uo = Ué}fco(po,Ao)) ) (5)
i=1

where Cf(py, A1) is the event in Q¢ that p; is chosen from A; and Cy(po, Ap) is the event in 0
that pg is chosen from Ay. Given (5), it is then straightforward to combine Ry and R into a
DREU representation of p.3!

The argument for (5) proceeds in two steps. First, Lemma B.3 establishes (5) for
histories (Ag,pg) that are only consistent with a single period-0 utility U¢; that is,
o ({Us = UiHCo(po, Ag)) = 1 for some i. To see the idea, note that when (Ag, po) is a history
without ties, (Ao, po) and (D, ¢;) reveal exactly the same information about period-0 private

information. Given this, Lemma B.3 applies the two history independence conditions, Axioms 1

31Specifically, let Q := [J;_, {wo € Qo : Up(wo) = U{} x Q4 and define pon Q by u(Ey x E1) = po(Eo) x pi (E1)
for any events Fy C {Uy = Ué} and Fqy C Qll If filtrations, utilities, and tie-breakers on {2 are induced from R
and R} in the natural way, then (5) implies (3), as required.
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Ay = %Ao + %Do Ao

Figure 4: Suppose the possible period-0 utilities are Ug, UZ, U3. Menu Dy is a separating menu from
which ¢ is chosen precisely if Uy = U}. In menu Ay = {poy, 70}, po is chosen with probability 1 if
Uy = U&; tied with rg if Uy = Ug; and never chosen if Uy = Ug’. In 1210 = %Ao + %Do, po is replaced
with three copies p}) = %po + %qé with the property that Cy(p, flo) = Co(po, Ao) N {Uy = U.}.

and 2, to show that p;(-|Do,q}) = p1(-|Ao, po) coincide. Moreover, using History Continuity,
the argument extends even when (Ag, po) features ties.

Second, Lemma B.4 establishes (5) for arbitrary histories (Ao, pg). The key idea is to consider
the mixture Ag = %AO + %DO of Ay with the separating menu Dy. In flo, po is replaced with
n “copies,” pl = %po + %qé for v =1,...,n; see Figure 4. By Linear History Independence and

the definition of p; following a set of histories, we have

A

i1 1 - iy po(ph; Ao)
p1(p1; A1lAo, po) = p1(p1; ArlAo, s{po} + Do) = p1(p1; A1l Ao, py) - ———.  (6)
2 2 ; 23:1 pO(p(]ﬁAO)

But note that, as illustrated in Figure 4, pj = ipo + 3¢} is chosen from Ay = 140+ 1Dy in
precisely those states of the world where p, is chosen from Ay and ¢ is chosen from Dy; that
is, Co(p, Ag) = Co(po, Ao) N Colql), Dy). Since by construction of the separating menu Dy, we
have Cy(gi, Do) = {Uy = UE}, this implies po(pl): Ag) = o (Co(po, Ag) N {Us = Ui}). Moreover,
when po(pf);flg) > 0, then the previous paragraph (Lemma B.3) yields pl(pl;A1|fl0,p3) =
wi(Ci(p1, Ay). Combining these observations with (6) and applying Bayes’ rule yields (5), as

required.

4 Characterization of BEU and BEB

DREU imposes no discipline on how the agent evaluates continuation problems. We now build
on the characterization of DREU by introducing axioms that capture the dynamic sophistication
of Bayesian rational agents: Section 4.1 characterizes Bayesian evolving utility (BEU), and
Section 4.2 captures the additional behavioral content of its special case, Bayesian evolving

beliefs (BEB). These characterizations serve as a basis for Section 5, where we contrast BEU
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with dynamic discrete choice models. For simplicity of exposition, we again present our axioms
in the two-period setting (1" = 1); generalizations to an arbitrary finite horizon are provided in
Appendices C-D.

4.1 Bayesian Evolving Utility

BEU is characterized by the following three axioms. First, Separability ensures that period-0
utility in every state has an additively separable form Uy(zo, A1) = ug(20) + Vo(A1):

Axiom 5 (Separability). For any Ay and py, g0 € Ao with pZ = ¢Z, pi' = ¢g', and AgU{po}, AgU
{a0} € Aj, we have po(po; Ao U {po}) = po(go; Ao U {qo}).

Axiom 5 is a stochastic-choice analog of the standard separability axiom for deterministic
preferences (e.g., Fishburn, 1970), which requires that the agent does not care about how
today’s consumption and tomorrow’s menu are correlated. That is, they do not distinguish
between lotteries py and ¢y that share the same marginals over both today’s consumption and
tomorrow’s menu.>

The next axiom adapts conditions from Dekel, Lipman, and Rustichini (2001) to a
stochastic-choice setting, to ensure that V4 (A;) captures the option value contained in menu Ay,
i.e., that Vo(A4;) = E[max,,ca, Ur(p1) | Fo] for some random utility function U;. For part (ii),
we let my, m} € A(A;) denote typical distributions over period-1 menus, and for each such m,

we let A(m;) denote the average menu induced by my; that is, A(m,) := D oaiea, Mi(A1)A;r
Axiom 6 (Stochastic DLR).

(). Preference for Flexibility: For any Ay, By such that A; C By and {(z, A1), (2, B1)} € Ag,
:00((27 Bl); {<Z7 Al)v (27 Bl)}) =1

(ii). Reduction of Mized Menus: For any Ay and (z,mq), (z,m}) € Ay such that A(m;) =

A(m}) and Ao U {(z,m1)}, Ao U{(z,m))} € A}, we have
pol(z,ma); Ao U {(z,m1)}) = po((2,m3); Ao U {(z,m})}).

(iii). Continuity: py : Ay — A(A(Xy)) is continuous.

(iv). Menu Nondegeneracy: {(z, A1), (2, B1)} € Aj for some z, Ay, B;.

32Lu and Saito (2018b) study a random utility model where separability is violated, as in Epstein and Zin
(1989). They show that even on simple domains where the continuation menu is fixed the analyst’s estimates
of the function u are biased because they are contaminated by the nonlinear continuation utility.

24



Part (i) corresponds to Kreps’s (1979) “preference for flexibility” axiom, which says that the
agent always (weakly) prefers bigger menus. This captures a key property of Bayesian-rational
agents in a dynamic setting, viz., a positive option value. The axiom is violated in Ke’s (2018)
model, where the agent has a deterministic utility but anticipates making random execution
mistakes. This agent’s choices over menus exhibit a form of preference for commitment, because
eliminating inferior options from a menu benefits the agent by reducing the scope for mistakes.
Preference for flexibility is also violated by dynamic logit (Fudenberg and Strzalecki, 2015)
and more general dynamic discrete choice models, as we will discuss in more detail in Section
5. Part (ii) requires that the agent reduces mixtures over menus; this is analogous to Menu
Independence in Dekel, Lipman, and Rustichini (2001) and implies that the agent cannot affect
tomorrow’s utility distribution. Parts (iii) and (iv) ensure that the agent has continuous and
nontrivial preferences over continuation menus.

The final axiom adapts the sophistication axiom due to Ahn and Sarver (2013). Fix any
history h° = (Ag, po) and menus B; D A;. We require that if the agent sometimes chooses an
option in B; \ A; following history h°, then in some states of the world in which she chooses
po from from Ay, she must value menu By strictly more than A; (and vice versa). This axiom
ensures that the agent correctly anticipates her future utility distribution; that is, U, =U;.

To formalize this, we must express in terms of stochastic choices the fact that in some
states of the world in which the agent chooses py from from Ay, she values menu B; strictly
more than A;. This goes beyond Ahn and Sarver (2013), whose setting in period 0 features no
consumption and no randomness in the agent’s preference over period-1 menus.>®> To see the

idea, suppose that for some lotteries ¢y and ry, we have

Po (%po + %QO; %Ao + %{QO, 7’0}) > 0. (7)
Then we can conclude that in some states of the world in which the agent chooses py from Ay,
she weakly prefers gy to ro: Indeed, for an expected-utility maximizer, it is optimal to choose
%po + %ro from menu %Ao + %{qo,ro} if and only if it is optimal to choose py from Ay and to
choose 7y from {qo,r0}.>* To be able to infer that in some states where the agent chooses py
from Ag she strictly prefers gy to ro9, we must additionally ensure that in some such states the

menu {qo, 7o} does not feature a tie. Similar to Ahn and Sarver (2013), this is achieved by

33Likewise, no such challenge arises in Fudenberg and Strzalecki’s (2015) dynamic logit model. Because of
their i.i.d. shocks assumption, the agent’s preference over continuation menus does not vary with her period-0
consumption choices.

34This observation is related to the random incentive mechanism used in experimental work. To elicit a
subject’s ranking over a number of options in an incentive compatible manner, the subject is asked to indicate
choices from multiple menus; a lottery then determines which menu (and corresponding choice) is implemented.
See e.g., Becker, DeGroot, and Marschak (1964) and Chambers and Lambert (2017).
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requiring (7) to hold for all small enough perturbations g —™ gy and rj} —™ ry.%

Point (ii) of the following axiom applies this idea with ¢y = (z, By) and 9 = (2, A;) for an

arbitrary consumption z.

Axiom 7 (Sophistication). For any h® = (Ag, po) € Hg, 2, and A; C By € A}(hY), the following

are equivalent:
(i). p1(p1; B1]h%) > 0 for some p; € By \ A,
(ii). liminf, po(3p0 + 3(2, BY); 340 + 5{(z, BY), (2, A1)}) > 0 for all A} =™ Ay, By —™ B.

Axiom 7 applies only to menus B; that do not feature ties conditional on history h°. Anal-
ogous to Definition 4, for any h® € Hy, the set of period-1 menus without ties conditional on
history hY is denoted A% (h°)3¢ and consists of all A; € A; such that for any p; € A; and any se-
quences p} —™ p; and B —™ Ay~ {p;}, we have lim,,_,, p1(p}; B} U{p}}1h°) = p1(p1; A1]h°).

Theorem 2. Suppose T' = 1 and p admits a DREU representation. Then p satisfies Axioms 5—7
if and only if p admits a BEU representation.

Proof. See Appendix C. |

4.2 Bayesian Evolving Beliefs

Bayesian evolving beliefs is a specialization of BEU where the agent has a time-invariant but
unknown felicity about which she learns over time. In this section, we characterize the additional
behavioral content of this assumption by a simple axiom on the agent’s choices over streams of
consumption lotteries. Section 6.2 provides an alternative characterization on the subdomain
where in each period the agent chooses only today’s consumption.

Given consumption lotteries £y, 1 € A(Z), let the stream ({y,¢1) € A(Xp) be the period-0
lottery that in period 1 yields consumption lottery ¢; for sure and in period 0 yields consumption

according to lp; formally, (lo, (1) = po where p§ = ly and pg' = 64,3

Axiom 8 (Stationary Consumption Preference). If (¢,0),(¢,¢') € Ay € A}, then
pg((ﬁ,gl),Ao) = 0.

35In an earlier working paper version, we apply this idea more generally to define an incomplete and history-
dependent revealed preference relation 7yt that captures that one lottery is preferred to another in any state of
the world w that gives rise to history h!; see Section 4.1 of Frick, Iijima, and Strzalecki (2017). This preference
relation can be used to provide alternative versions of Axioms 5-8.

36Note that Aj(h°)  A;(h°) because the first set contains all menus without ties (we use history hY here
only to determine where ties could occur) while the second set contains only menus that occur with positive
probability after history h®—typically very few menus.
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Axiom 8 requires that the agent never chooses to commit to a time-varying consumption
stream (¢, (') if her choice set also contains the corresponding stationary consumption streams
(¢,0) and (¢, ¢). This reflects Bayesian learning about fixed but unknown tastes: Indeed, if
the agent currently believes ¢ to be better than ¢, then by the martingale property of beliefs
she should expect her information next period to still favor ¢ on average and will hence prefer
(¢,¢) to (£,¢) (and analogously in the opposite case).

To characterize BEB, we postulate the existence of a pair ¢, ¢ of consumption lotteries
such that the agent always strictly prefers £ to £ at all times and histories. This condition is

innocuous if, for example, the outcome space includes a monetary dimension.

Condition 1 (Uniformly Ranked Pair). There exist ¢,{ € A(Z) such that for all £ € A(Z)
and h°, we have Ay = {((,0),(L,0)} € As, Ay = {{,£} € A{(h°), and po((¢,0); Ag) =
pr(6; AL|R0) = 1.

Theorem 3. Suppose that "= 1 and p admits a BEU representation and satisfies Condition 1.
Then p satisfies Axiom 8 if and only if p admits a BEB representation.

The proof is in Appendix D. The key idea is to show that Axiom 8 is equivalent to the re-
quirement that uy(w) and E[u;|Fo(w)] represent the same preference over consumption lotteries
in all states, which after appropriate normalization yields (2).

We note that while BEB allows for a stochastic process d; : 2 — R, of discount factors,
an earlier working paper version of this article includes an additional axiom that ensures a
deterministic discount factor § > 0; moreover, a standard impatience axiom corresponds to
§< 1.3

Remark 1 (Identification). Proposition I.1 in Appendix I.1 establishes identification results
for DREU, BEU, and BEB. To summarize, the identification result for DREU is a period-by-
period analog of the known result for static REU (Proposition 4 in Ahn and Sarver (2013));
that is, p uniquely determines the underlying stochastic process of ordinal payoff-relevant pri-
vate information and the (ordinal) distribution of tie-breakers for choices featuring ties. The
result for BEU generalizes Theorem 2 of Ahn and Sarver (2013), implying strictly sharper iden-
tification than DREU of the agent’s cardinal private information. In particular, BEU allows
for meaningful intertemporal comparisons of utility in each state and for limited cross-state
comparisons of utility within states that correspond to the same period-0 private information.
Finally, BEB, unlike BEU, allows for unique identification of the discount factor process and

entails even sharper identification of cardinal private information.® A

37See Frick, lijima, and Strzalecki (2017) Axiom 9 for the former and p. 26 for the latter.
38The discount factor process is unique in other special cases of BEU as well; for example if each alternative
z consists of wealth and a consumption bundle and the utility of wealth is separable and state-independent.
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5 Comparison with Dynamic Discrete Choice

In this section, we compare Bayesian evolving utility to dynamic discrete choice (DDC) models
that are widely used in empirical work. The key distinction we highlight concerns the way
in which random utility shocks are modeled: BEU is a special case of the most general DDC
model, but while BEU features only shocks to consumption, most DDC models introduce more
general shocks to actions. We show that under certain widely used assumptions, the latter form
of shocks leads to violations of a key feature of Bayesian rationality, namely positive option

value. We also illustrate how this can lead to biased parameter estimates.

5.1 DDC Models

For simplicity, we restrict the domain to deterministic decision trees, where each period-t out-
come space Y; consists of pairs y; = (24, A;11) of instantaneous consumptions z; and continuation
menus A;,,. We refer to each y; as an action.

The following special case of DREU encompasses many models in the dynamic discrete

choice literature (for surveys, see Aguirregabiria and Mira, 2010; Rust, 1994):3

Definition 5. The DDC model is a restriction of DREU to deterministic decision trees that

additionally satisfies the Bellman equation

zt,A
Ut<zt7 At+1) = Ut(Zt) + 5E max Ut+1(yt+1)"7t + 5§ ‘ t-H), (8)
Yt+1€AL+1
with deterministic felicities v, : Z — R, F;-adapted zero-mean shocks to actions g, : 0 — R,
and a discount factor § € (0, 1).1

Observe that BEU corresponds precisely to the special case of DDC where the € shocks do
not apply to general actions y; = (z, Ayy1), but only to instantaneous consumptions z;; formally,

in all periods ¢, any actions (z;, A;11) and (24, Byy1) that feature the same consumption z; receive

39For ease of comparison with BEU, we impose the following three restrictions, which are extraneous to the
distinction between shocks to consumption and shocks to actions that we highlight in this section. First, we
impose Rust’s (1994) assumption AS, viz. that e shocks enter into (8) in an additively separable manner; this is
widely, but not universally imposed in the DDC literature. Violations of AS can be accommodated by DREU,
but are incompatible with BEU in ways that are orthogonal to the focus of this section. Second, whereas
filtration F; is exogenous, DDC models often allow the agent’s choices to affect transitions from the current
state to tomorrow’s state; this can be accommodated by a consumption-dependent extension of DREU (see
Section 7.2). Finally, € can capture any state variables that are privately observed by the agent, but in contrast
with many DDC models (e.g., Hotz and Miller, 1993), all representations in this paper abstract away from state
variables that are jointly observed by the analyst and agent (save for menus); Duraj (2018) extends DREU to
incorporate the latter.

40We assume a deterministic § € (0,1) for simplicity. As under BEU, 4 is not identified under general DDC,
but this poses no problems in the specific examples we consider. See also footnote 52.

28



the same shock
€§Zt7At+1) _ ggzt,Bt-&-l) — Eft‘ (9)

Indeed, given (9), setting u:(z:) = v(2:) + €' yields an Fi-adapted process of felicities that
satisfies (1); and conversely, given any JF;-adapted felicity process wu; satisfying (1), we can let
vi(2y) = Elug(z¢)] and g7 := uy(z1) — ve(21).

Thus, Theorem 2 provides an axiomatic foundation for this shocks to consumption version
of DDC, while Proposition 1.1 is an identification result.*! Shocks to consumption alone are
sufficient to capture phenomena such as permanent unobserved heterogeneity and serially cor-
related unobserved state variables that are studied in the DDC literature; indeed, Pakes (1986)
can be viewed as an early special case of BEU. Under shocks to consumption, all randomness in
the agent’s evaluation of continuation menus A;,; is captured by the JF;-adapted continuation
value E [maxy,, ca,,, U1 (ye+1)|F] that reflects the agent’s private information about future
shocks to consumption.

However, for estimation purposes, many central models in the DDC literature introduce
shocks to actions that violate (9) by applying additional shocks to continuation menus that
may be completely detached from their continuation value. The main purpose of introducing
such general shocks to actions is that under suitable assumptions they can ensure nondegenerate
likelihoods: This denotes the property that in any menu A;, all actions y; € A; are chosen with
positive probability at all histories, which is central for statistical estimation. One of the most

widely used models with this property is the following i.i.d. version of DDC:*?

Definition 6. The i.i.d. DDC model is a restriction of DDC such that

zt, A
Ui(zt, Aer1) = vilze) + 0B | max Uppa(yesr) | + g Ae)
Yt+1€AL 41
where for all periods ¢ and 7 and all actions (z;, A;1) and (2, Bry1), E%ZuAH—l) and @ Br+1)

are independently and identically distributed random variables with a full support density.*?

Under i.i.d. DDC, both felicities v; and continuation values E [math+leAt+1 Ut+1(yt+1)} are
deterministic, and all randomness in the agent’s evaluation of z; and A, is fully captured by
5,52’5”4”1). Since these shocks are i.i.d. across any pairs of actions, including actions (z;, A;11)

and (z;, Biy1) that differ only in their continuation menus, they violate (9). The following

410ur identification result is complementary to those in econometrics (Hu and Shum, 2012; Kasahara and
Shimotsu, 2009; Magnac and Thesmar, 2002; Norets and Tang, 2013), because we allow for menu variation but
abstract from jointly observable state variables.

42Gee e.g., Miller (1984), Rust (1989), Hendel and Nevo (2006), Kennan and Walker (2011), Sweeting (2013),
and Gowrisankaran and Rysman (2012).

43While DREU assumes finitely generated distributions, a full support density distribution is observationally
equivalent to one with a sufficiently large finite support given the finiteness of the deterministic decision tree
domain.
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section shows that this leads to behavior that is incompatible with any BEU model, including
the i.i.d. version of BEU where ¢ shocks satisfy (9) and ¢;* and *= are i.i.d. across all pairs of

consumptions.

5.2 Option Value in BEU vs. i.i.d. DDC

We now show that, in contrast with BEU, shocks to actions that violate (9) can lead to behavior
that displays a negative option value. To make this point most clearly, we focus predominantly
on i.i.d. DDC, before briefly turning to more general models. Given that i.i.d. DDC is a
workhorse model for structural estimation, understanding its properties is also important in its
own right.

The first manifestation of a negative option value is that the i.i.d. DDC agent sometimes
chooses to commit to strictly smaller menus. Suppose there are two periods, ¢ = 0,1. Let
Ay = {(z0, A5 (2, A¥®)} where A5 = {2} and AY® = {2z, 2}. From Axiom 6 it
follows that under BEU, pq ((zo, Asmall)y AO) = 0 absent ties. By contrast, under i.i.d. DDC this
probability is strictly positive.

Proposition 1. Under i.i.d. DDC, we have 0 < py ((zo,Aima“);Ao) < 0.5. Moreover, if the

¢ shocks are scaled by A > 0, then p ((ZO,Aslmau);Ao) is strictly increasing in A whenever

v1(2]) > vi(21).

All proofs for this section appear in Supplementary Appendix G. The first part follows from
the fact that by design, i.i.d. DDC features nondegenerate likelihoods. Specifically, the agent

small 2 7Ab1g
) exceeds e by more than

chooses (29, A5 from Ay whenever the realization of 5820’
the expected utility difference of the two menus, and since the two shocks are i.i.d. with full
support, this happens with strictly positive probability. Nevertheless, since E[Uy(zo, A]fig)] >
E[Uy(20, A5™21)], this probability is less than 0.5. The second part of Proposition 1 further
highlights the negative effect of i.i.d. shocks to actions on option value by showing that greater
variance in € can increase the probability of choosing the small menu, even though this increases
the continuation value of the larger menu.**

More strikingly, there are decision problems for which behavior under i.i.d. DDC displays
a negative option value with probability greater than 0.5. Specifically, consider the following
decision timing problem, illustrated in Figure 5. There are three periods t = 0,1,2. The
consumption in period 2 is either y or z, depending on the agent’s choice. The agent can make
her decision early, committing in period 1 to receiving y or z the following period; or she can
make the decision late, maintaining full flexibility about choosing y or z until the final period.

The decision when to choose is made in period 0, and the consumption in periods 0 and 1

44We thank Jay Lu for suggesting that we investigate this comparative static.
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Figure 5: Decision timing.

is x irrespective of the agent’s decision; for simplicity assume that the utility of x is always
zero. To fix ideas, assume that a student was admitted to two PhD programs (y and z) and is
considering whether to make her decision before the visit days (¢ = 1) or after (¢t = 2); assume
that she plans to attend the visit days regardless. Formally, in period 0 the agent faces the menu
Ao = {(z, A%, (z, A%)} and in period 1 she faces either menu A% = {(z, {y}), (z, {z})}
or menu A = {(z,{y, 2})}, depending on her period-0 choice.

Proposition 2. Under BEU, po((x, A%™);4;,) = 0 absent ties. Under iid. DDC,
po((z, AS™): Ag) > 0.5; moreover, if ¢ is scaled by A > 0, then po((z, A™Y); Ag) is strictly

increasing in A whenever vy(y) # va(2).

In this decision problem there is no penalty to deciding late, as the timing of the decision
does not affect the timing of the consumptions y or z. Thus, reflecting a positive option value,
the BEU agent chooses to make decisions late because waiting until the final period enables
her to better tailor her choice to her realized felicity. This prediction does not rely on serially
correlated private information; indeed, it remains true under i.i.d. BEU.

By contrast, Proposition 2 shows that the i.i.d. DDC agent chooses to decide early with
probability greater than 0.5. To see why, consider the simplest case when vy(y) = v2(2). In
this case, the choice boils down to comparing 6E[max{e\""? &™*M] and §2E[max{cy, £3}.
Since the € shocks are i.i.d. and mean zero and § € (0, 1), the former dominates the latter, so
that the agent chooses to decide early with probability greater than 0.5. Intuitively, choosing
early is attractive because it allows the agent to obtain a positive payoff, namely the maximum
of two i.i.d. mean zero shocks, early while deferring the choice delays those payoffs. Again,
the negative effect of the ¢ shocks on option value is further reflected by the fact that the
agent’s preference for deciding early is increasing in their variance, even though this increases
uncertainty about future payoffs.

A special case of the preference for early decisions under i.i.d. logit ¢ shocks was proved
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by Fudenberg and Strzalecki (2015), by examining the closed-form expressions for continuation
values in this setting.?® Proposition 2 shows that this result does not rely on those specific
expressions. Rather, it is a consequence of the mechanical nature of shocks to actions in
any ii.d. DDC model: As we discussed above, unlike shocks to consumption, these shocks
apply directly to continuation menus in a way that is completely detached from their expected
continuation value.*6

Finally, we note that the findings in this section are not limited to i.i.d. DDC. Indeed,
the following two widely studied DDC models depart, respectively, from the assumption that
shocks are i.i.d. over time or i.i.d. across actions, but continue to display a preference for
early decisions.*” First, under DDC with permanent unobserved heterogeneity, € displays the

(z¢,At41) _ 7Tft + 9§Zt,At+1

following form of serial correlation: Each shock ¢; ) is decomposed into a

“permanent” shock 7;* that is measurable with respect to Fy and a “transitory” shock Gﬁzt’At“)
that conditional on F is i.i.d. across all periods and actions. Thus, utility in each period
depends on the agent’s “type” (which she learns in period 0), but each type of agent is also
subject to i.i.d. shocks to actions. In this model, behavior p is a mixture of i.i.d. DDC choice
rules. Thus, since Proposition 2 applies to each of these choice rules, their mixture p continues
to satisfy po((z, AP™); Ag) > 0.5. Second, some models feature transitory but correlated shocks
to actions: Here £/ and e~V are ii.d. whenever ¢ 7, but might be correlated within
any fixed period t = 7; e.g., due to transitory health shocks that affect the agent’s evaluation
of all actions in a given period. As long as within-period shocks are not perfectly correlated,
we again have po((z, A™), Ag) > 0.5; intuitively, E[max{e\""V ("N = E[max{e¥, 2}]

remains strictly positive, so the agent again prefers to receive this shock early.*®

5.3 Parameter Estimates in a Stopping Problem

Unlike the previous decision timing problem, many economic decisions, such as stopping prob-

lems, feature a tradeoff between an immediate payoff today and the option value of delay. We

45Fudenberg and Strzalecki (2015) also introduced a choice-aversion parameter that scales the desire for
flexibility and for early decisions. However, in this model the parameter values that imply choice of late
decisions with probability greater than 0.5 also imply choice of smaller menus with probability greater than 0.5,
thus making violations of positive option value particularly stark in the latter dimension.

460ur critique of the mechanical nature of shocks to actions is complementary to Apesteguia and Ballester’s
(2018) critique of i.i.d. € in static settings, but the logic of our results is quite different, both formally and
conceptually. In particular, in Propositions 1 and 2 these shocks lead to counterintuitive predictions at an
absolute level, rather than only at a comparative level as in their results. Moreover, our comparative results are
also quite different, as we vary the variance of €, whereas they vary the curvature of the utility function.

4"Both permanent unobserved heterogeneity and transitory shocks that are correlated across actions are
central ingredients of what Aguirregabiria and Mira (2010) (p. 42 ff.) term Eckstein-Keane-Wolpin models.

o . A Ag1)
48Predictions under even more general models are ambiguous. E.g., suppose aﬁ“ o) = T+ Ht(Z‘ 1) g
Agy1)

decomposed into Fi-adapted shocks to consumption 7;7* and i.i.d. shocks to actions 9,52" , but 77* need not
be Fp-measurable. This yields a hybrid of BEU and i.i.d. DDC, which may display a preference for early or late
decisions depending on the relative magnitudes of 7; and 6; and the amount of serial correlation in 7.
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now illustrate how in such settings DDC models with additional mechanical shocks to continu-
ation menus lead to systematically different parameter estimates relative to the pure shocks to
consumption model of BEU. In particular, we highlight the qualitative biases that arise if the
analyst uses the former type of DDC model but the true model is BEU.#

Consider again Example 3 from Section 1.3. In period 0, the agent chooses between two
actions, consuming a today (and nothing tomorrow) or delaying consumption until period 1
where she will face menu A; := {a, b}. Slightly abusing notation, we denote these two period-0
actions by a and A; and let Ay := {a, A;}.°° Let D be the set of all possible choice sequences
(consume a in period 0; delay and consume a in period 1; delay and consume b in period 1).
In the following, we think of the agent’s stochastic choice rule p as a data generating process
over D; that is, the analyst observes strings of data d = (dy, ...d,) € D", where each d; results
from an independent draw according to p.

For concreteness, we compare parameter estimates under the following versions of i.i.d. DDC
and BEU. Under i.i.d. DDC, let vo(a) = v1(a) = w, and vy (b) = wj, with discount factor §. Thus,
UPPC(z) = w, + &% for & = a,b, UPPC(a) = w, + &2 and UPPC(A,) = dEo[max{U,(a), U;(b)}] +
58‘1, where all € shocks are i.i.d. according to some full support distribution F' with mean zero.
For BEU, we consider a minimal departure from i.i.d. DDC that features the same i.i.d. shocks to
instantaneous consumptions a and b: UPEY(z) = UPPC(z) for x = a, b and UPEY (a) = UPPC(a).
The only difference is that UPEY(A;) = dEo[max{UEEV(a), UEEV(b)}]; i.e., there is no ¢ shock

Y

to the period-0 action “delay,” reflecting that this involves no instantaneous consumption.®
Let pPPC and pPPY denote the induced stochastic choice rules in this stopping problem.

The analyst seeks to estimate the discount factor § and average utility difference w := w,—wy
between the two consumptions given any distribution F of i.i.d. € shocks.® To simplify notation,
we normalize w, = 0. Let © C R? denote the compact space of parameters (w,d) that is
considered by the analyst. We assume that © is large enough so that the data p is compatible
with both models, i.e., for each M € {DDC, BEU}, there exists (w™, §™) € © such that p™ = p
holds under parameters (wM, ™). Let (ﬁ)ff,g};ﬁ) € O denote the corresponding maximum
likelihood estimates under observation size n.

The following proposition shows that i.i.d. DDC tends to “exaggerate” the estimate of the

discount factor relative to BEU. The result assumes that distribution F'is symmetric with a

49The quantitative importance of such biases is an empirical question, which is beyond the scope of this paper.

50Ty be more precise, period-0 actions a and A; should be written as (a,{zz}) and (zg, A1) respectively,
where z5 denotes a dummy variable that corresponds to “no consumption.”

51There is another BEU specification that is observationally equivalent to i.i.d. DDC in this particular stopping
problem; specifically, this version applies a shock £5” to the period-0 dummy consumption z4 (see footnote 50)
despite the fact that zz is only a notational stand-in for the decision to delay consumption. However, since any
specification of BEU is incompatible with i.i.d. DDC in some decision trees (see Section 5.2), this model again
yields different parameter estimates from i.i.d. DDC in settings other than the present stopping problem.

52Unlike in general, here ¢ is identified for both DDC and BEU, as the average felicity of a is assumed constant
across periods; this approach is also used in other stopping problems, cf. Martinez, Meier, and Sprenger (2017).
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unimodal density (e.g., probit); Appendix G.3 shows how it generalizes to a broader class of

distributions.

Proposition 3. Suppose that the data generating process p is compatible with both models.

If F has a symmetric and unimodal density, then almost surely

(i). lim, wPPC = lim,, WEEY

(ii). lim, 0PPC < lim,, 6BBY if po(a; Ag) > 0.5 and lim, 6°PC > lim, 6BEV if py(a; Ag) < 0.5.

Both models yield the same estimate of w because they predict the same period-1 choice
probabilities. To understand the result for §, suppose first that po(a, Ag) > 0.5, i.e., the agent
is more likely to choose immediate consumption than delay. Intuitively this occurs when the
agent is impatient, and in this case DDC underestimates § relative to BEU. Conversely, when
the agent is patient (i.e., po(a, Ag) < 0.5), DDC overestimates ¢ relative to BEU. Thus, DDC
always exaggerates the estimate of §. The reason is precisely that DDC includes an additional
mechanical shock 5611 to the action of delaying. This creates more choice variance around modal
choices in period 0; to compensate, the model must exaggerate the value difference between
choices in period 0, thereby producing more extreme estimates of the discount factor.

An immediate corollary of Proposition 3 is that if the true data is in fact generated by BEU
with parameters (w,d) but the analyst uses i.i.d. DDC, then the resulting estimates almost
surely satisfy (i) lim, wPPC = w and (i) lim, 6°PC > § if py(a; Ag) > 0.5 and lim,, 6°PC < § if
pola; Ag) < 0.5. Finally, we note that the same logic as above can be applied to characterize
the difference in estimates in other classic stopping problems, such as task completion or patent

renewal.

5.4 Discussion

Our findings highlight the following modeling tradeoff. On the one hand, general shocks to
actions are statistically convenient, ensuring nondegenerate likelihoods under formulations such
as i.i.d. DDC, whereas BEU agents necessarily choose some options with probability 0. On
the other hand, Section 5.2 shows that this convenience comes at a cost, namely significant
violations of positive option value, both at an absolute and comparative level. Such violations
cast doubt on the typical interpretation of € as “unobserved utility shocks” and seem particularly
problematic in applications where the modeled agents are profit-maximizing firms.

While this may seem to imply having to choose between statistical nondegeneracy and

Bayesian rationality, we note that in many specific decision problems, e.g., the stopping problem

53 Another interpretation of € in the DDC literature is that they capture “mistakes” or some small deviations
from perfect rationality. However, Proposition 2 shows that the implied deviations are not small as they occur
with probability greater than a half; moreover, this interpretation is at odds with the fact that in (8) the e
shocks enter into the agent’s expected continuation value.
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in Section 5.3, versions of BEU feature nondegenerate likelihoods and can be used for parameter
inference. This is also true in more concrete applications, such as in Pakes’s (1986) study of
patent renewal where a BEU model is estimated. Thus, in such settings, the analyst can
refrain from imposing shocks to actions and can estimate a BEU model that respects Bayesian
rationality. In settings where BEU is statistically degenerate, any statistically nondegenerate
model will sometimes violate Bayesian rationality, but suitable hybrid models of BEU and i.i.d.

DDC (see footnote 48) may help limit the severity of the violations.

6 Atemporal Choice Domain and Choice Persistence

In this section, we restrict to the simple subdomain of atemporal consumption problems, where
the agent chooses only (lotteries over) today’s consumption in each period and her current
choices do not affect tomorrow’s menu. As illustrated in Example 1, stochastic choice data on
this domain is often studied in empirical work, notably the large literature on brand choice
dynamics in marketing and economics.®® An important empirical regularity is that choice data
tends to display some “persistence.” Sections 6.1 and 6.2 axiomatically characterize two notions
of choice persistence, showing that they correspond precisely to two important special cases of
BEU: taste persistence and learning.?

Focusing on two periods for simplicity, our atemporal domain is formalized as follows. Given
any consumption lottery £y € A(Z) and menu of consumption lotteries L; € A; = K(A(Z)),?
let (¢p, L1) denote the lottery po that in period 0 yields consumption according to £y and in period
1 yields menu L; for sure; that is, pZ = £y and pj' = d1,. Likewise, for any menu Ly € K(A(Z))
of consumption lotteries and Ly € Ay, define (Lo, L1) := {(lo, L1) : o € Lo} € Ap to be the
menu consisting of all lotteries that yield period-0 consumption according to some ¢y € Ly and
in period 1 yield menu L; for sure. Let £§ C IC(A(Z)) denote the set of consumption menus
without ties, which consists of all Ly such that (Lo, L) € A for all L; € A;.

We assume throughout that p admits a BEU representation. On our atemporal domain,
this has especially simple testable implications: p must satisfy the restrictions to this domain
of the DREU axioms (Axioms 1-4) and of Separability (Axiom 5).%7

54E.g., Dubé, Hitsch, and Rossi (2010); Jeuland (1979); Keane (1997); Seetharaman (2004) and references
therein.

550Qur characterization of the implications of choice persistence for the general BEU model is complementary to
the empirical brand choice literature, which tests to what extent particular parametric or semi-parametric forms
of serially correlated felicities can capture choice persistence in specific data sets. One goal of this literature
is to disentangle (what we term) history dependence (e.g., persistent taste heterogeneity) and consumption
dependence (e.g., habit formation) as sources of choice persistence. While the model in this section rules out
consumption dependence, Section 7.2 briefly discusses how to incorporate it.

56Throughout this section, we denote menus by L; to emphasize that they consist of consumption lotteries.

5"Note that Axioms 6 and 7 have no bite on the atemporal domain.
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Given this, we can define the restriction p? of p to atemporal consumption problems without
ties: For any Ly € L} and ly € Lo, define pZ(fo; Lo) := po((fo, L1); (Lo, L1)) for an arbi-
trary choice of Ly; and for any ¢y € Ly € L and ¢, € Ly € A} with po(lo; Lo) > 0, define
pZ(ly; Ly| Lo, £o) == p1(€1; L1|(Lo, L1), (€y, L1)). Note that p? is well-defined given the assump-
tion that p admits a BEU representation.

6.1 Consumption Persistence and Taste Persistence

One natural notion of choice persistence (e.g., Keane, 1997) is that the agent is more likely to
choose a particular consumption option today if she chose this option yesterday compared with
the scenario in which she chose some other option yesterday. To formalize this notion in our
framework, we additionally impose the restriction that today’s menu does not contain any new

consumption options relative to yesterday’s menu.

Axiom 9 (Consumption persistence). For any Ly € L} and Ly € A} with Ly C Ly,
Zy. Z(p. Zy. Zy. y
Po (67 L0)>p0 (ﬁ ) LO) >0= P1 (€> L1|LO>€) 2> P (fv Ll‘L0>€ )

Proposition 4 shows that consumption persistence is equivalent to the following notion
of taste persistence: If yesterday’s felicity was (ordinally equivalent to) u, today’s felicity is
more likely to remain in any convex neighborhood D of u compared with the scenario where
yesterday’s felicity was some other /. To state this formally, given any set D C R? of felicities,
let [D] := {w € R? : w ~ v for some v € D}.

Proposition 4. Suppose p admits a BEU representation (€2, F*, u, (Fi, Uy, Wi, u;)) and Con-
dition 1 holds. Then p? satisfies Axiom 9 if and only if for any u, v € R? with u(uy ~ u),
w(up ~ u') > 0 and any convex D C RZ with u € D, we have u(u; € [D] | ug ~ u) > p(u; €
[D] | ug =~ u').

All proofs for Section 6 appear in Supplementary Appendix H. In addition to absolute
consumption persistence, we can also compare two choice rules p and p in terms of their con-

sumption persistence:

Definition 7. pZ features more consumption persistence than p? if pf = pZ and for any Ly € L},
and Ly € A} with L; C Ly,

P (65 Lg) > 0 = p7 (0; Ly| Lo, €) > p7(€; Ly| Lo, £).

Proposition 5 shows that more consumption persistence corresponds to more taste persis-

tence, in the sense that today’s felicity is always more likely to remain in a convex neighborhood
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of yesterday’s felicity. For this to be the case, we require that there exists a joint uniformly

ranked pair of consumption lotteries £, € A(Z) that satisfy Condition 1 for both p and p.

Proposition 5. Suppose that p and p admit BEU representations (2, F*, u, (Fy, Uy, Wy, uy)),
(Q, F*, i, (]:"t, U,, W,, ii;)) and there exists a joint uniformly ranked pair. Then p? features more
consumption persistence than pZ if and only if for any v € R? and convex D C R? with u € D
and p(ug ~ u) > 0, we have p(ug =~ u) = ji(ly ~ u) and u(uy € [D] | ug ~ u) > (i € [D] |

”&0 %U)

The following example applies Propositions 4 and 5 to the special case of BEU in which
felicities u; follow a finite stationary Markov chain. We show that in this setting our general
notion of consumption persistence entails sharp restrictions on the agent’s felicity process:
Axiom 9 holds if and only if the Markov chain is a renewal process, where a single parameter «
captures the extent of the agent’s taste persistence. Moreover, behavior in this case is equivalent
to Jeuland’s (1979) classical notion of “brand loyalty,” whereby repeated choices from any fixed

menu follow a renewal process.

Example 5 (Markov evolving utility). Let & = {u!,...,u™} denote a finite set of possible
felicities, where u' % u’ for any i # j and there exist £, € A(Z) such that u'(¢) > u'({)
for all .. Let M be an irreducible transition matrix, where M;; denotes the probability that
period t 4 1 felicity is v/ conditional on period t felicity being u’. Assume that the initial
distribution » € A(U) has full support and equals the stationary distribution. Any such
Markov chain (U, M, v) generates a (stationary) Markov evolving utility representation.”® We
impose a regularity condition, non-collinearity, on felicities in U, whereby for any i, j, k, [ with
i ¢ {4,k 1}, we have u’ ¢ [co{u’,u* u'}]; this is generically satisfied if the outcome space is

rich enough relative to the number of felicities.

Corollary 1. Suppose that p has a Markov evolving utility representation (U, M, v) satisfying

non-collinearity. Then the following are equivalent:
(i). p? satisfies Axiom 9;

(ii). (U, M,v) is a renewal process: there exists a € [0,1) such that M; = o + (1 — a)v(u)
and M;; = (1 — a)v(u?) for all i # j;

(iii). choices from fixed menus follow a renewal process: for any L = {¢' ... ("} € L% there
exists 3 € [0,1) such that pZ(¢; L | L, ¢") = 8+ (1 — B)pZ(¢}; L) and p?(¢; L | L, (%) =
(1= B)pg (¢; L) for any i # j.

580f course, in the two-period setting any BEU representation is Markov (though not necessarily stationary
and full support). In Supplementary Appendix 1.2, we characterize stationary Markov evolving utility for
arbitrary horizon T. Moreover, as evident from the proof, Corollary 1 remains valid for arbitrary 7.
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In addition, if p and p admit renewal process representations as in Corollary 1, more con-
sumption persistence corresponds to a higher taste persistence parameter o and the same

stationary felicity distribution v:

Corollary 2. Suppose that p and p have stationary renewal process representations induced by
(U, v, o) and (U, i, &) respectively. Then p? features more consumption persistence than p? if
and only if @ > @& and there exists a bijection ¢ : i — U such that u ~ ¢(u) and v(u) = D(P(u))
for each u € U. A

6.2 Consumption Inertia and Learning

Another setting where one should expect to observe some form of choice persistence is Bayesian
evolving beliefs. Indeed, in this case the agent’s choices in both periods 0 and 1 reflect her
expectation of the same fixed but unknown tastes. However, consumption persistence in the
sense of Axiom 9 is neither implied by nor implies BEB. Instead, Proposition 6 shows that BEB
entails the following form of consumption inertia: If the agent chose ¢ yesterday from a menu
that also contained ¢ and today faces the binary choice between ¢ and ¢, then she continues
to choose ¢ with positive probability. Moreover, on the domain of atemporal consumption
problems, this testable implication fully captures the additional behavioral content of BEB

relative to BEU, thus providing an alternative characterization to Theorem 3 on this domain.

Axiom 10 (Consumption inertia). For any Ly € £ and ¢, ¢’ € Ly with {¢,¢'} € A7,
p (65 Lo) > 0 = p2(6{L, | Lo, 0) > 0.

Proposition 6. Suppose that p admits a BEU representation and Condition 1 holds. Then p?

satisfies Axiom 10 if and only if p? admits a BEB representation.®

Similar to Axiom 8, the intuition is based on the martingale property of beliefs. This implies
that an agent who expects ¢ to be better than ¢ in period 0 must with positive probability
continue to expect this in period 1. The restriction to binary period-1 menus in Axiom 10 is
crucial: For instance, an agent who in period 0 is unsure whether her ranking is ¢ > ¢ > ¢" or
0" = £ = ¢ might choose ¢ over both of the other two options, but upon learning her preferences

in period 1 would never choose £ from {¢, (', ¢"}.5°

and an F*-measurable felicity @ such that pZ (fo;Lo) = u(fp =

59 That is, there exists (Q, u, F*, (F))
= p(ly = argmax;, uy | o = argmaxy ug), where u; = E[a | F3] for

argmax; ug) and pf (¢1; L1 | Lo, o)
t=0,1.

60Tn an earlier working paper version, we analyzed a stronger form of consumption inertia, whereby pZ (¢; Lo) >
0 implies p#(¢; L1|Lo,¢) > 0 for all Ly C Lg. We showed that this is equivalent to the requirement that
w(uy = u | ug = u) > 0 for all u with p(ug ~ u) > 0. See Section 5.2 of Frick, Iijima, and Strzalecki (2017).
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7 Discussion

7.1 Related Literature

An extensive literature studies axiomatic characterizations of random utility models in the static
setting (Barbera and Pattanaik, 1986; Block and Marschak, 1960; Falmagne, 1978; Luce, 1959;
McFadden and Richter, 1990). Our approach incorporates as its static building block the elegant
axiomatization of Gul and Pesendorfer (2006) and Ahn and Sarver (2013). As a preliminary
step, we extend their result to an infinite outcome space, which is needed since the space of
continuation problems in the dynamic model is infinite. This contribution is complementary
to Ma (2018) who also provides an infinite-outcome generalization of Gul and Pesendorfer
(2006). In contrast to our result, he relies on a stronger regularity condition that rules out the
possibility of ties (whereas ties necessarily arise when evaluating continuation problems under
BEU) and focuses on the case with continuous vNM utilities. Lu (2016b) studies a model with
an objective state space where choice is between Anscombe-Aumann acts; by focusing on state-
independent utilities, he traces all randomness of choice to random arrival of signals.®® While
this is similar in spirit to our BEB representation, our state space is subjective and utility can
be state-dependent. A recent paper by Lu and Saito (2018a) studies period-0 random choice
between consumption lottery streams and attributes the randomness in choices to a stochastic
discount factor.%?

The axiomatic literature on dynamic random utility, and more generally dynamic stochastic
choice, is relatively sparse. Our choice domain is as in Kreps and Porteus (1978); however, while
they study deterministic choice in each period, we focus on random choice in each period. To
the best of our knowledge, Fudenberg and Strzalecki (2015) is the first axiomatic study of
stochastic choice in general decision trees, but they study only the special case of i.i.d. DDC
with logit shocks to actions.®® As we discuss in Section 5, the latter model is a special case
of DREU, but is incompatible with BEU because it features very different attitudes toward
option value. In addition, because of the i.i.d. assumption, their representation does not give
rise to history dependent choice behavior and cannot accommodate phenomena such as learning
and choice persistence; likewise, challenges such as limited observability do not arise in their

setting. A recent paper by Ke (2018) characterizes a dynamic version of the Luce model, where

61Lu (2016a) studies an analogous model with state-dependent utilities in an objective state-space setting.

52Qther recent contributions by Apesteguia, Ballester, and Lu (2017) and Manzini and Mariotti (2018) re-
spectively study random utility models with linearly ordered choice options and binary support.

630n more limited domains, Gul, Natenzon, and Pesendorfer (2014) study an agent who receives an outcome
only once at the end of a decision tree and characterize a generalization of the Luce model. Pennesi (2017),
Cerigioni (2017), and Cerreia-Vioglio, Maccheroni, Marinacci, and Rustichini (2017) characterize versions of
the Luce model where the analyst observes a sequence of stochastic choices over consumptions. There is also
non-axiomatic work studying special cases of our representation where the agent makes a one-time consumption
choice at a stopping time, e.g., Fudenberg, Strack, and Strzalecki (2016).
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randomness of choices is caused by execution mistakes and there is no serially correlated private
information. In contrast to BEU, his model again does not feature positive option value, as
larger menus might induce more mistakes. Duraj (2018) builds on our paper and characterizes
general dynamic random (expected) utility in an objective state-space setting.

The literature on menu choice (Dekel, Lipman, and Rustichini, 2001; Dekel, Lipman, Rus-
tichini, and Sarver, 2007; Dillenberger, Lleras, Sadowski, and Takeoka, 2014; Kreps, 1979)
considers an agent’s deterministic preference over menus (or decision trees) at a hypothetical
ex-ante stage where the agent does not receive any information but anticipates receiving infor-
mation later. An important difference of our approach is that we study the agent’s behavior
in actual decision trees, allowing information to arrive in each period and therefore focusing on
stochastic choice. We discuss the comparison in more detail in Section 2.2.3. Related papers are
Krishna and Sadowski (2014, 2016) who study ex-ante preferences over infinite-horizon decision
trees and characterize stationary versions of our BEU representation. Another related paper by
Ahn and Sarver (2013) studies both ex-ante deterministic preference over menus and ex-post
stochastic choice from menus; they show how to connect the analysis of Gul and Pesendorfer
(2006) and of Dekel, Lipman, and Rustichini (2001) to obtain better identification properties.
An adaptation of their sophistication axiom plays a key role in our characterization of BEU.

Finally, an extensive empirical literature uses specifications of discrete choice models in

6 As we discuss in Section 5, our DREU representation nests the most

dynamic contexts.
general DDC model, which in turn nests our Bayesian rational BEU model. However, while BEU
features only shocks to consumption, most DDC models (in particular, i.i.d. DDC) introduce
more general shocks to actions. We show that the latter form of shocks can lead to violations
of Bayesian rationality due to the fact that they mechanically apply to continuation menus
in a way that is detached from their continuation value. As we discuss, this observation is
complementary to Wilcox (2011) and Apesteguia and Ballester (2018), who highlight modeling
issues in static discrete choice models. In particular, they show that when i.i.d. utility shocks
are added to expected utilities, then the probability of choosing a risky option over a safe option

can decrease with respect to a risk aversion parameter in the vNM utility.

7.2 Conclusion

This paper provides the first axiomatic analysis of the general model of dynamic random utility
and several of its key special cases. Our central axioms restrict how choices across periods are
related, capturing the key new testable implications of the dynamic relative to the static model
and facilitating comparisons between different versions of dynamic random utility.

In a “backward-looking” direction, we show that while observed choices under dynamic ran-

64For surveys, see Rust (1994) and Aguirregabiria and Mira (2010).
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dom utility are typically history-dependent, even the most general version of the model entails
two history independence conditions: Contraction history dependence rules out certain dynami-
cally “irrational” behavior such as the “mere exposure effect,” while linear history independence
provides a conceptual justification for a lottery-based procedure to extrapolate behavior across
different decision trees. In addition, special cases such as learning or persistent taste shocks
impose further testable restrictions on the nature of history dependence that correspond to
well-documented forms of choice persistence. In a “forward-looking” direction, we show that
Bayesian rationality restricts utility shocks to apply to instantaneous consumptions (as under
BEU), creating a tension with desirable statistical properties such as non-degenerate likelihoods
that require additional mechanical shocks to continuation menus (as under general DDC).

Our analysis addresses some technical challenges that may be relevant to other work on
stochastic choice: In particular, we propose a solution to the limited observability problem that
arises from the fact that in dynamic settings past choices typically restrict future opportunity
sets; and we extend Gul and Pesendorfer’s (2006) and Ahn and Sarver’s (2013) characterization
of static random expected utility to infinite outcome spaces.

Finally, throughout the paper we have restricted attention to stochastic processes (U;) of
utilities that evolve exogenously. Here choice behavior appears history-dependent to the analyst
due to the fact that past choices partly reveal the agent’s private information. But from the
point of view of the agent, past choices have no effect on today’s behavior. However, in many
settings it is natural to allow (U;) to evolve endogenously, as a function of the agent’s past
consumption: Two prominent examples are habit formation (e.g., Becker and Murphy, 1988),
where consuming a certain good in the past may make the agent like it more in the present;
and active learning/experimentation, where the agent’s consumption provides information to
her about some payoff-relevant state of the world, as modeled for instance by the multi-armed
bandit literature (e.g., Gittins and Jones, 1972; Robbins, 1952). This gives rise to an additional
form of history dependence, which we term consumption dependence, where past consumption
directly shapes the agent’s choices today. Nevertheless, as we showed in the previous working
paper version, our main insights extend to settings with consumption dependence.®® The key
idea is to study an enriched primitive, where a history h'=! = (Ag, po, 20, - - -, Ar—1, Pr—1, 2t_1)
now summarizes not only that in each period k£ <t — 1 the agent faced menu A, and chose py,
but also that the agent’s realized consumption was z;, € suppp?. Natural adaptations of our
axioms to this setting then characterize generalizations of DREU, BEU, and BEB that allow

the evolution of the agent’s utility process U; to be influenced by her past consumption.

65See Section 7 of Frick, lijima, and Strzalecki (2017). The distinction between (what we term) history
dependence and consumption dependence goes back to at least Heckman (1981), who highlights the importance
of distinguishing these two phenomena, so as to avoid spuriously attributing a causal role to past consumption
when observed behavior could instead be explained through serially correlated exogenous utilities (e.g., persistent
taste heterogeneity).
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Appendix: Main Proofs

The appendix is structured as follows:

e Section A defines equivalent versions of DREU, BEU, and BEB.

e Sections B-D prove (T-period generalizations of) Theorems 1-3.

e Section E collects together several lemmas that are used throughout Sections B-D.

The supplementary appendix contains the following additional material and is available at https:
//drive.google.com/open?id=1JIrSyzkpil-0yNfDYoQ_dc3Se6qLBeDM:

e Section F proves Theorem 0.

Sections G and H collect together proofs for Sections 5 and 6.

Section I provides additional results on identification and axioms for Markov evolving utility.

Section J provides all omitted proofs for Sections A, E, and 1.

A Equivalent Representations

Instead of working with probabilities over the grand state space €2, our proofs of Theorems 1-3 will
employ equivalent versions of our representations, called S-based representations, that look at one-
step-ahead conditionals.%® Section A.1 defines S-based representations. Section A.2 establishes the
equivalence between DREU, BEU, and BEB representations and their respective S-based analogs.

A.1 S-based Representations

For any X € {Xo,..., X7}, A € K(A(X)), p € A(X), let N(A,p) :={U € RX : p € M(A,U)} and
NT(A,p):={U e R¥ : {p} = M(A,U)}.

Definition 8. A random expected utility (REU) form on X € {Xo,...,Xr} is a tuple
(S, p, {Us, Ts }ses) where

(i). S is a finite state space and p is a probability measure on S
(ii). for each s € S, U, € R¥X is a nonconstant utility over X.

(iii). for each s € S, the tie-breaking rule 75 is a finitely-additive probability measure on the Borel
o-algebra on RX and is proper, i.e., 7s(N1(A,p)) = 7s(N(A, p)) for all A, p.

Given any REU form (S, u, {Us, 7s}ses) on X; and any s € S, A; € A;, and p; € A(Xj;), define
Ts(piy Ai) == 1s({w € RY . p; € M(M(A;,Us),w)}).

Definition 9. An S-based DREU representation of p consists of tuples (So, 10, {Usq, Tso }s0eS0)s
(St {15 " sy 1€, 15 {Uss» Ty fsres, 1<t<T such that for all t = 0,..., T, we have:
DREU1: For all s;1 € S;_1, (S, ;"' {Us,, Ts, }sses,) is an REU form on X; such that®’

66These are dynamic analogs of the static GP representations in Ahn and Sarver (2013).
67For t = 0, we abuse notation by letting ;' denote pg for all s;_.
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(a) Us, # U for any distinct pair sy, sy € supp(p;");

(b) supp(;**) Nsupp(p,*™") = @ for any distinct pair s,_1,s,_; at ¢t > 1;
(¢) Us,_,es,_, Supp ittt =S,

DREU2: For all D, At7 and ht_l = <A07p07 A17p17 ceey At—bpt—l) € Ht—l(At)768

t Sk_

t—1 Z(So,...,st)GSOX...XSt szo 'ukk 1(Sk)7-5k (pk”Ak)
pt(ptyAtVl ): t—1  Sk—1 A
Z(so,...,st,l)esox...xst,l [0t~ (sk)7s, (P, Ak)

An S-based BEU representation of p is an S-based DREU representation such that for all ¢ =
0,...,T, we additionally have:
BEU: For all s5; € S;, there exists us, € R? such that for all z; € Z, A;11 € Agy1, we have

Us, (2, Ary1) = us, () + Vi, (Agy1),

where Vs, (A1) =32, i1 (Se1) maxp, e,y Usyyy (1) for t < T —1 and Vi = 0.
An S-based BEB representation is an S-based BEU representation such that additionally:
BEB: For allt =0,...,7 — 1 and s; € Sy, there exists d5, > 0 such that

1
Usy = 57 Z tufjrl (StJrl)uSH-l'

S
tospy

A.2 Equivalence Result

Proposition A.1. Let p be a dynamic stochastic choice rule.
(i). p admits a DREU representation if and only if p admits an S-based DREU representation.
(ii). p admits a BEU representation if and only if p admits an S-based BEU representation.
(iii). p admits a BEB representation if and only if p admits an S-based BEB representation.

Proof. See Supplementary Appendix J.1. [ |

B Proof of Theorem 1

Instead of establishing the two-period characterization in Theorem 1, this section establishes the
characterization of DREU under an arbitrary horizon T'. Section B.1 presents T-period generalizations
of the axioms from Section 3. Section B.2 introduces important terminology regarding the relationship
between states and histories that is used throughout the proofs of Theorems 1-3. Sections B.3 and
B.4 then establish sufficiency and necessity directions of the DREU characterization.

68For ¢t = 0, we again abuse notation by letting p;(-|h!~!) denote po(-) for all At~
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B.1 Characterization of DREU for Arbitrary T

For general T', DREU is characterized by straightforward generalizations of Axioms 1—4 from Section 3.
We first present the T-period generalizations of Contraction History Independence and Linear History
Independence.

Given h'~1' = (Ao, po, ..., Ar_1,pt-1) € Hi 1, let (ht:kl, (A}, p})) denote the sequence of the form
(Ao, po, .y AL, Dl e Ap1,00-1).%9 We say that ¢'~! € H, 1 is contraction equivalent to h'~! if for
some k, we have g'~' = (h'!, (By,py)), where Ay C By, and pg(pr, Aglh*™1) = pr(pr, Bi|hF1).7°
That is, ¢!~! and h*~! differ only in period k, where under ¢g'~!, the agent chooses lottery p;, from
menu By, while under h*~!, she chooses the same lottery py from the contraction A, C By; moreover,
conditional on h*~1, the choice of p; from Aj and the choice of pj from Bj occur with the same
probability. Generalizing Axiom 1, Axiom B.1 requires that choice behavior be the same after h*~!
and ¢g'~1:

Axiom B.1 (Contraction History Independence). For all t < T, if g~ € H; 1(4;) is contraction
equivalent to h'=1 € H;_1(As), then pi(-, At|ht™1) = pi(-, Aelgt™1).

We say that a finite set of histories G'~! C H; 1 is linearly equivalent to hi=! =
(AO)p07"')At—l7pt—l) S Ht—l if

G = {(h'5) (Mg 4+ (1= N)Bi, Api + (1 = Nai)) : qx € By}

for some k, By, and A € (0,1]. That is, G*~! is the collection of histories that differ from h*~! only at
period k: Under h'~!, the agent chooses pj, from menu Ay, while G*~! summarizes all possible choices
of the form Apg + (1 — A)gx from the menu AAg + (1 — \) B,. Generalizing Axiom 2, Axiom B.2 requires
period-t choice behavior following the set of histories G!~! to be the same as conditional on h*~!. To
state this formally, define the choice distribution from A; following G*~ C H; 1(A4;),

t—l)

_ - plg
pr( AUGT) = Y pele, Aglg™! 0
t( t‘ ) gt_lth_l t( t| )thflthfl P(ft 1)

to be the weighted average of all choice distributions p;(-, A¢|g~!) following histories in G*~!, where
for each g'~! = (Ag, po, ..., Ar_1,Pr_1) its weight p(gt~!) := H};—:% ok (Pr, Ar|gF~1) corresponds to the

probability of the sequence of choices summarized by g'=1.7!

Axiom B.2 (Linear History Independence). For all t < T, if G*~1 C H;_1(A;) is linearly equivalent
to ht_l S Ht—l(At)7 then pt(',At|ht_1) = pt(',At|Gt_1).

Next, we generalize the procedure for overcoming the limited observability problem following
arbitrary histories h*~!. To do so, given any menu A; and history h!~!, consider a degenerate
choice sequence d'~' = ({qo},qo0,.--,{q-1},q—1) such that A; € suppg/, and replace ht™!' =
(Ag,po, ..., Ar_1,pi—1) with g'=! := ARI™1 4+ (1 — \)d'~! where™ at every period k < t — 1, the
agent faces menu AAy; + (1 — A){gx} and chooses lottery Apy + (1 — A)gx. Under expected utility

%Tn general this is not a history, but it is if A} € supppi , and Ay € supp pi* and pi(p},, A} |R*~1) > 0.

"0This induces an equivalence relation on H;_; by taking the symmetric and transitive closure.

"'Note that p(g*~!) does not keep track of the probabilities pi(Ays1), since these pertain to exogenous
randomization and do not reveal any private information.

™In order for b~ + (1 — N)d' 1 == (A Ak + (1 — M {ar}, \px + (1 — N)gx)iZ} to be a well-defined history,
it suffices that AAg + (1 — A\){qx} € suppgi’ | for all k = 1,...,¢ — 1. This can be ensured by appropriately
choosing each g, working backwards from period t — 1.
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! reveals the same information about the agent as h'~!. Thus, we define choices

t—1

maximization, g'~
from A; following h!~! by extrapolating from choices following ¢

Define the set of degenerate period-(t — 1) histories by Dy 1 = {d'™' € Hy 1 : d7! =
({ar} qk)fc_:lo where g € A(Xy)Vk <t —1}.

Definition 10. For any t > 1, A; € A;, and h!™! € H;_1, define
P AY) = (s A AR (1= V)dE. (10)
for some A € (0,1] and d'~! € D;_; such that Ak~ + (1 — \)d' ! € Hy_1(Ay).

It follows from Axiom B.2 (Linear History Independence) that pi' ' (- A;) is well-defined:
Lemma E.4 shows that the RHS of (10) does not depend on the specific choice of A and d'~!. More-
over, pl' "' (-; Ay) coincides with py(-; A;|h'~!) whenever h'~! € H,_1(A;). In the following, we do not
distinguish between the extended and nonextended version of p; and use p;(-; A¢|h!~!) to denote both.

Generalizing Axiom 3, we now impose the static REU conditions on each extended choice distri-
bution py(-|ht71):

Axiom B.3 (History-dependent REU). For all ¢t < T and h*~!, p;(-|h!~!) satisfies Axiom 0.7

Finally, we state the T-period generalization of Axiom 4 (History Continuity). For this, we first
define T-period analogs of menus and histories without ties:

Definition 11. For any 0 < ¢ < T and ht=1 € H,_1, the set of period-t menus without ties conditional
on history h*~! is denoted Aj(h!~!)™ and consists of all A; € A; such that for any p, € 4; and any
sequences py —" p; and B =™ A, \ {p.}, we have

Jim py(pr', By U{p}HA'™Y) = pelpe, Adh"™H).

For t = 0, we write A := Aj(h'™!). The set of period t histories without ties is Hj = {h! =
(A(),po, .. -,At—hpt—l) e Hs: Ag € .A;;(hk_l) for all k < t}.

We say that ht™ —™ bt if K" = (Ag, pg, ..., AP, p}t) and h' = (Ag, po, ..., Az, pr) satisfy A} —™ Ay
and p; —"™ py, for each k.

Axiom B.4 (History Continuity). For all t <T — 1, Aj11, pri1, and b,
pri1(pes; Arpa|h') € 00{1171;11 pr1(Per1; Appa [RE) - U =™ BE DT € )
Generalizing Theorem 1, we have the following representation theorem:

Theorem B.1. The dynamic stochastic choice rule p satisfies Axioms B.1-B.4 if and only if p admits
a DREU representation.

"3Lemma E.1 verifies that X, is a separable metric space. Then Mixture Continuity and Finiteness make use
of the same convergence notions as defined following Axiom 0.

"Note that Af(h'~1) € Ay (h'~1) because the first set contains all menus without ties (we use history h*~!
here only to determine where ties could occur) while the second set contains only menus that occur with positive
probability after history h*~'—typically very few menus.
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B.2 Relationship between Histories and States

Throughout the proofs of Theorems B.1-D.1 we will make use of the following terminology con-
cerning the relationship between histories and states. Fix any ¢t € {0,...,7}. Suppose that
(Sy, {,utt/ Y €81 {Us,, 75, }s,es,) satisfy DREU1 and DREU2 from Deﬁnltlon 9 for each ' < t.

Fix any state sf € S;. We let pred(s;) denote the unique predecessor sequence (sg,...,s;_;) €

So X ... x Sg_1, given by assumptions DREUL (b) and (c), such that s}, € supp(,uza_l) for each
k =0,...,t —1. Given any history h* = (Ao, po, ..., As,pt), we say that s} is consistent with h' if
[Tioo Tt (P, Ax) > 0.

For any k=0,...,t, sx € Sk, po € Ap € Ap, and pry1 € Apr1 € Agyq, let

Us, (Ary1,0641) = {Us, ., * Sk € supp il and pry1 € M(Agy1, Us, ) )
Uo(Ao,po) :={Us, : so € So and py € M (Ao, Us,)}-

A separating history for s} is a history h' = (B, qo, ..., Bt, q) such that L{S;;_l(Bk, qr) = {Us;} for
all k =0,...,t and h' € H}, where we abuse notation by letting U+ (Bo, qo) denote Uy (Bo, qo). Note
that separating histories are required to be histories without ties.

We record the following properties:

Lemma B.1. Fix any s} € S; with pred(s;) = (s§,...,s;_;). Suppose h' = (By, qo, - - . , By, qt) satisfies
Us:  (Br,qr) = {Us; } for all k = 0,...,¢. Then for all k =0,...,¢, s; is the only state in Sy that is
consistent with h*.
Proof. Fix any £ = 0,...,t. First, consider s, € Sy~ {sj}, with pred(s)) = (s,...,s;_;). Let
k < ¢ be smallest such that s} # s;. Then s, € supp ,uzkfl, S0 Usx 1(Bk,,qk) = {Us;;} implies that
qr ¢ M (B, Usk)' Thus, 7 (g, Br) = 0, whence s) is not consistent with ht.

Next, to show that sj is consistent with ht, note that pe(qe, Bg\hf_l) > 0, so DREU2 implies

> H/“Lk (8k) s, (qr> Br) > 0. (11)

(804+++58¢)ESp X...x.Sp k=0
Now, if (sg,...,si—1) # pred(ss), then Hk: N 1( k) = 0. And if (sg,...,s¢—1) = pred(sy)
but s, # sj, then the first paragraph shows Hk:o To,(qrs Bx) = 0. Hence, (11) reduces to
Hi:o NZ " (s7)7s: (qk, Br) > 0, whence s is consistent with ht. [

Lemma B.2. Every s; € S; admits a separating history.

Proof. Fix any sy € S; with pred(s}) = (s§,...,s;_;). By Lemma E.2 and DREU1 (a), there exist
menus By = {qo(s0) : so € So} € Ao and By(sp—1) = {p(sk) : sx € suppu;* '} € Ay for each
k=1,...,tand s; € S such that Z/{()(Bo, qO(So)) = {Uso} for all sg € Sy and Usk_l(Bk(Skfl), qk(sk)) =
{Us } for all s, € supp p;*~'. Moreover, we can assume that Bji1(s;) € supp gx(sg)” for all k =
0,...,t — 1 and s, € Sk, by letting each gx(si) put small enough weight on (z, Bxy1(s)) for some
z € Z Then h' := (Bo, qo(s5), - - -, Be(s7), a:(s*(t))) € Hy. Moreover, since Us:  (Br, qr(s3)) = {Us: }
Lemma B.1 implies that or all for all £ = 0,...,%, s; is the only state consistent with h¥. Additionally,

forallk =0,...,¢ and s; € supp uzk’l, we have M (By(s;_,),Us,) = {ar(sx)} by construction. Hence,
by Lemma E.3, we have By(s;_,) € A;(h*~1). Thus h' € Hj, so ht is a separating history for s;. W
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B.3 Proof of Theorem B.1: Sufficiency

Suppose p satisfies Axioms B.1-B.4. To show that p admits a DREU representation, it suffices, by
Proposition A.1, to construct an S-based DREU representation for p.

We proceed by induction on ¢ < T'. First consider ¢ = 0. Since pg satisfies Axiom B.3 and X is
a separable metric space by Lemma E.1, the existence of (So, po, {Usy Tso }soes,) satisfying DREU1
and DREU2 from Definition 9 is immediate from Theorem F.1, which extends Gul and Pesendorfer’s
(2006) and Ahn and Sarver’s (2013) characterization result for static S-based REU representations to
separable metric spaces and which we prove in Supplementary Appendix F.

Suppose next that 0 < t < T and that we have constructed
(Sy, {M:/t/_l}st/,lest,,l, {Us, ,7s, }s,es,) satisfying DREUL and DREU2 for each t' < t. We
now construct (Syy1, {4 FsreSi> {Usiprs Tserr fsei1€5:41) satisfying DREU1 and DREU2.

B.3.1 Deﬁning pf«tH and (St+17 {/’Lfil}stesﬂ {Ust+l77—5t+l}5t+1€st+l):
To this end, we first pick an arbitrary separating history hf(s;) for each s; € S; (this exists by
Lemma B.2) and define
Pyt (4 Ar1) == prga (-, A [P (s1))

for all A¢r1 € Aip1. Note that here pyiq(-, |hf(s¢)) is the extended version of piy1(-|h!(st)) given in
Definition 10; by Axiom B.2 and Lemma E.4, the specific choice of A € (0,1] and d*~! € D;_; used in
the extension procedure does not matter.

By Axiom B.3 and the fact that X;; is separable metric (Lemma E.1), Theorem F.1 applied to
pfjrl yields an REU form ( fjrl,,ufil, {Ust+1’7—5t+1}5t+1€55_t~_1) on X1 such that Us,,, # USQH for any
distinct pair s;11,s,,, € ;% and such that

P pert, Aver) = D i (se41) o (Pest, Avra)

S
5t+1€S5,1

for all p;11 and Ayy1. Without loss, we can assume that Stsjrl and Sfil are disjoint whenever s; # s,.
Set Siy1 = U,,es, Sti1 and extend p3; to a probability measure on Siy1 by setting pi3' | (st+1) = 0
for all St11 € St+1 N Sfj—l

By construction, it is immediate that (Sii1, {£5% 1 }sieSes {Usri1> Tseqr Fsesr€8e41) thus defined satis-
fies DREUL and that

P et Arp) = D i (se41) Ty (Per1, Avpa) (12)
5t4+1€St+1

for all p;11 and Ayyq. It remains to show that DREU2 is also satisfied.

B.3.2 pji, is Well-Behaved

To this end, Lemma B.3 below first shows that the definition of p;% | is well-behaved, in the sense that
for any history h’ that can only arise in state s;, p;j; = pi1(-|hf).

Lemma B.3. Fix any s; € S; with pred(s}) = (s, ..., s7_). Suppose h' = (Ao, po, ..., At,pt) € Hy
satisfies Z/lszil(Ak,pk) = {Us;;} for all k = 0,1,...,t. Then for any A;11 € Apr1, pre1(s, Arr|ht) =

pfjrl('v At+1)'
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Proof. Step 1: Let ht = (Ao, po, ..., Ay, pr) denote the separating history for si used to define pfil.

We first prove the Lemma under the assumption that h! € H}, i.e, that h! is itself a separating history

for s3.7

Pick (rq,...,7t) € A(Xg) X ... x A(X;) such that Ayy1 € suppr{* and for all k =0,...,t —1,

supp(ri)) 2 {Bi+1, Brs1, Bir1 U Brar ),
where By := %Ag + %{ﬁg} + %{7’@} and By = %fle + %{pe} + %{7"(} for £ = 0,...,t. Define gy :=
1 1= 1
3De + 3Pe + 370 3 ~
Note that since h!,h! € H} and Msz_l(Ak,pk) = Us;;_l(Ak:,ﬁk) = {Usz}, Lemma E.3 implies that
M(Ag, Us;) = {pr} and M(/le, Us;;) = {px} for all k =0,1,...,t. By linearity of the Us, we then also
have
Us:_ (Br,qr) =Usr_ (Br,qx) =Us:_ (Br U By, q) = {Us; } and
M (B, Us;) = M(By, Us;) = M(By U By, Us;) = {ax}-

This implies that for all kK =0, ...,t and s; € supp uZ’i‘f,

~ ~ 1if Sk = Sz
Ts (Qks Br) = Ts;, (qrs Br) = 75, (qr, Br U By) = _
0 otherwise
By DREU2 of the inductive hypothesis, it follows that for all k =0,...,t —1,
N:t_l(sr) = pt(Qta Bt‘Boa qo, - - - Bt—17 Qt—l) - pt(qt7 Bt‘B()a q0, - - - 7Bt—17Qt—1)
- ,Ot((Ita Bt U Bt|B07 qoy - - - 7Bk—17 dk—1, Bk U Bk‘a dky - - - aBtfl U Btflvqtfl)

= Pt(Qt, Bt U Bt’B()a q0, - - - 7Bk717 qk—1, Bk U Bka ks« Bt—l U Bt—l: Qt—l)a
whence repeated application of Axiom B.1 (Contraction History Independence) yields

pr+1(-s Ai11|Bo, Qs - - -, Biy @) = prs1 (-, Avy1|Bo U Bo, qo, - - -, By U By, q1) =

- - (13)
Pt+1('7 At+1|307 qo, - - -, Bta (It)
Moreover, by Axiom B.2 (Linear History Independence) and Lemma E.4, we have
peg1(, Arp1|RY) = pry1 (-, Ar1|Bos qos - - -, B, q¢) and (14)

Pt+1('7 At—&—l‘ilt) = pt—l—l('; At-‘rl‘BO; q0, - - - 7Bt7 Qt)

Combining (13) and (14) we obtain that pyy1(-, Ari1|ht) = peri(, Ara|ht) == pfi—l(‘aAt-i—l)' This
proves the Lemma for histories h' € H;.

Step 2: Now suppose that h' ¢ Hj. Take any sequence of histories ht™ —™ ht with
Rt = (AL, pd, ..., A, pf") € Hj for each n. Note that such a sequence exists by Axiom B.4 (His-
tory Continuity).

We claim that for all large enough n, Usx Lop) = {Us;;} for all K = 0,...,t. Suppose for a

(
-1
contradiction that we can find a subsequence (h""¢)?°, for which this claim is violated. Note that

">Note that U«

s Ap,pr) = {Ug=} for all k = 0,1,...,t does not by itself imply that h! is a history without
k—1 k
ties.
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for all £, py(pp’, Apt|hE=1me) > 0 for all k = 0,...,¢ (by the fact that k"™ is a well-defined history).
Hence, DREU2 for k < ¢ implies that we can ﬁnd St n, € St with pred(s},,,) = (S5, St—1n,)
and (80, -+ »5t.n,) 7 (50, 5¢) such that US;CM € Usk_lml (Apt,ppt) for all k = 0,...,t. Moreover,

since Sy x ... x S; is finite, by choosing the subsequence (h%™) appropriately, we can assume that
(80.mp5 -+ +s5tmg) = (S05---+81) # (835--.,57) for all £. Pick the smallest k such that sj # s; and

pick any ¢, € Aj. Since A} =™ A, we can find ¢, € A} with ¢ =™ ¢,. For all £ we have
Ug €Uy (A3 py'),so Uy ( w) > Us (g "5) whence Uy (px) > Uy (qx) by linearity of Uy, . Moreover,

by ch01ce of k, s} € supp,uk 1= supp,uk 7. Thus, Uy € Us: Ak, pr) = {Us;}- But s} # s}, so by
DREU1 (a) of the inductive hypothesis Uy # U, a contradlctlon.

By the previous paragraph, for large enough n, h*" satisfies the assumption of the Lemma. Since
ht™ € HF, Step 1 then shows that pii1(per1, Aey1|hP") = pfil(ptH,AtH) for all large enough n and
all p;+1. By Axiom B.4 (History Continuity), this implies that for all p;yq

pe1(pre1, Apa|h') € co{lim py1(pr+1, Apyr|hP7) BB =™ B RS € HEY = {pit (pry1s Ae) )

which completes the proof. |

B.3.3  pii1(-|h') is a Weighted Average of pj,

The next lemma shows that pyi1(-|h!) can be expressed as a weighted average of the state-dependent
choice distributions p}’ |, where the weight on each p; ; corresponds to the probability of s; conditional
on history h.

Lemma B.4. For any p;11 € Ay and bt = (Ao, po, ..., A, pt) € Hi(Asr1), we have

Z(So, ,St ESo>< -X St Hk’ OMSk I(Sk)TSk(Ak?pk)pf—t‘rl(pt‘i‘l?At+1)
Z:(807 ,St)ESp XX St Hk O:MSk I(Sk)TSk(Akvpk)

pr+1 (D1, Apa [BY) =

Proof. Let {sj,...,s{"} denote the set of states in Sy that are consistent with history A’ (as defined
in Section B.2). For each j, let ht( ) = (B(]),qo, . Bg, qt) be a separating history for state s;. We

can assume that for each £k = 1,...,¢, qi71 puts small weight on (z, %Ak + %Bi) for some z, so that
ht(5) = Sht + Sht(j) € He(Apr) for all 5.
Note first that for all j = 1,...,m, we have

Hﬂk Sk TJ (P, Ar). (15)

Indeed, observe that

t
, 1 1,1, 151 4 1oy,
p(h'(0) = [T ou(Gon + 5k 5 Ak + 5 BUGH " + Sh 1)
k=0

1 1 1 1_

_ Sk— 1 J

= ( E L I | 1y (Sk)Ts), 2pk+ iqk’iAk—i_ in)
80y+-+yS

s 1 1,1 1
= H:“k N Sk Tl 2pk’+§q£’§Ak+§B] H'uk SkT] (P, ).
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The first equality holds by definition. The second equality follows from DREU2 of the inductive
hypothesis. For the final two equalities, note that since ht(j) is a separating history for s7, we
have for all k = 0,...,¢ that USi,l(Bi’qi) = {Usi} with {g,} = M(B],U_) (by Lemma E.3).

J
k

is consistent with h?, T (pk, Ag) > 0 for all k = 0,...,t. This implies that for every
k

Also, since s

j . .
Sk € supp uzk_l, Tsk(%pk + %qi, %Ak + %Bk) > 0 if and lonly if s, = si, yielding the third equality. It
also implies that M(%Ak + %Bi, US£) = M(%A;.C + %{qi}, Usp’ so that Tsi(%pk + %qi, %Ak + %Bi) =
Tsi(%pk + %qi, LA, + %{qi}) =Ty (pk, Ag), yielding the fourth equality.
Now let H! := {h'(j) : j = 1,...,m} C H;(As+1). Note that by repeated application of Axiom B.2,
we have that

Pr1(Pe41s A1 |RY) = prg1 (Peg1, A |[HY). (16)

Moreover, we have that

™ o(Rt(5)) prat (Pest, Apt |AE(
pt+1(pt+1,At+l|Ht):Z]_lp( (g)”f:;((z;(j)) +11h"(4))

S Mo it (517 (ks AR pea (s, Aea ()
S Moo it (517 (o, A)
5 T i (7 (o AR (e Ae)
5 Moo 1" ()7, (s A1)

Sk—1

_ 2(307.._,3t)€50><...><5t HI];:() My (k) Tsp, (Ak, pk)ﬂ?j-l(pt—f—l |At+1)

- Sk—1

t
Z(SQ,...,St)ESOX-“XSt Hk‘:O :u‘k (Sk)TSk (Ak’7pk)

(17)

Indeed, the first equality holds by definition of choice conditional on a set of histories. The second
equality follows from Equation (15). Note next that since h’(j) is a separating history for s; and s is
consistent with hA!, we have that L{Si(%pk + %qi, %Ak + %Bi) = {Usi} for each k. Hence, Lemma B.3

implies that pii1(pey1, Aer1|hi(5)) = pf%rl (Pt+1, Ae+1), yielding the third equality. Finally, note that
if (s0,...,8:) € So X ...S; with (s,...,8:) # (s),...,s]) for all j, then either s; ¢ {s},...,s"},
or s = s§- for some j but (sg,...,st—1) # pred(sg). In either case, [[}_, 1 (85) Ty (Ag, o) = 0,
yielding the final equality. Combining (16) and (17), we obtain the desired conclusion. |

B.3.4 Completing the Proof

Finally, combining Lemma B.4 with the representation of pj’, in (12) yields that for any ht =
(A0sp0s s Aty pt) € He(Ats1)

P41 (prs1, Ara |R)
n _
D (500 58) €S0 x--xS; Lo 1 (sk) Ty, (A pr) DsipreSias Hi1 (St41) oy (Pea1, Atg1)

t —
Z(so,...,st)ESOXmXSt ITi—o Nik " (1) 7o, (Ak, 1)

t+1  Sp_
Z(So,...,st,st+1)650><'~~><St><st+1 Hk:() Nkk 1(Sk)7—5k (Ak7pk)
Sk—1

t
Z(so,...,st)esox---xst [Tio " (s8) 7oy (Aks i)
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Thus, (Sey1, {01 seeSe {Usiprs Tsesn FserieSiy,) also satisfies requirement DREU2, completing the
proof.

B.4 Proof of Theorem B.1: Necessity

Suppose p admits a DREU representation. By Proposition A.1, p admits an S-based DREU repre-
sentation. By Lemma E.5, for each t and h! € H;, the (static) stochastic choice rule pi(:|h?) : Ay —
A(A(X})) given by the extended version of p from Definition 10 also satisfies DREU2. In other words,
pt(:|h!) admits an S-based REU representation (see Definition 12). Thus, Theorem F.1 implies that
Axiom B.3 holds. It remains to verify that Axioms B.1, B.2, and B.4 are satisfied.

Claim 1. p satisfies Axiom B.1 (Contraction History Independence).

Proof. Take any ht~! = (h'}, (A, pp)), b1 = (W'}, (Bi,pk)) € Hi—1(A;) such that By D Ay and
pr(pr; Ar|R*=Y) = pg(pr; Be[h*~1). From DREU2 for py, px(pr; Aklh*™1) = pi(px; Bi|h*~") implies
that

> HH; (s0)7s (P, Aty (58) 7, (P A) = D Hﬂz (s1)7s, (i, AD) iy (s1) 7, (Pk» B)-
(505-+551) 1=0 (505-+-,5%) 1=0

(18)

Since By 2 Ay implies 7y, (pg, Ax) > Ts, (pk, Bi) for all si, the only way for (18) to hold is if

s, (Dk, Ar) = Ts, (pk, By,) for all s consistent with h*. Thus,

t _
2(507 ,8t)ESp X...x St Hl OMlSl 1(31)Tsl(pl,Al)

T = pe(pe; At!iltfl),
D (50,0038t 1)ES0 X v X St 1Hl o 1 (s0)Ts, (p1, Ar)

pe(pe; AR 1) =

as required. [
Claim 2. p satisfies Axiom B.2 (Linear History Independence).

Proof. Take any Ay, h'™! = (Ao, po, ..., A—1,p1—1) € Hy—1(A;), and H'™' C H;_1(As) of the form
H = {(h" (A + (1 = N By, A\pie + (1 — Nax)) : g € By} for some k& < ¢, A € (0,1), and
={q :j=1,...,m} € Ay. Let Ay := My + (1 — M\)By, and for each j = 1,...,m, let
By, = A + (1= N, and 2'71(5) == (R, (Ag, 3))-
By DREU2, for all p;, we have

> (sonse) L ou;?“@z)fs[(m,Ae)

pe(pe; Ag|hi1) = 20 '
Z(So, St—1) Hé OMZ (SZ)Tse(pE;AZ)

(19)

Moreover, by definition

T U (D)) pe (e Ad ()
Sy p(htY()

)

pe(pe; A H'™Y)

where for each j = 1,...,m, DREU2 yields

> (so,.. (Hz 0tttk g (80)Ts, (Des Az)) 105 (s1) 7, (D7, A

pt(pt)At“:Lt_l(j)) = Sp—1 Sk—1 ”‘j A '
Z(so,,,.,st,l) (Hz:o,”.,tfl;e;ék pg (80T, (P67A6)> i (58)Tsi (P, Ak)
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and

p(WG) = [I  pelpe Adh™") pr(5); Arlh*)
(=0, t— 104k
= > [T o Gomae A0 | i (5075 (3 Ar)-

(So,...,Stfl) E:O,...,t—l;é;«ék

Combining and rearranging, we obtain

Z(so,...,st) (Hf:O,...,t;K#k’ M2271 (SE)TSZ (Aé)p€)> #Zk—l (Sk) ZTzl Tsp, (ﬁ?{? Ak)

M&(Pt} At|Ht_1) - Sg—1 Sk—1 m 5N 20)
Z(so,...,st,l) (HZ:O,...,t—l;Z;ﬁk Hy (Sé)Tse(Apr)> oy (sk) Zj:l Tsy, (Pk,Ak)
But observe that for all s;,
S 1Bl Ar) = 1o, ({w e RN 0 pl € M(M(A,Us,),w)})
j=1 j=1
= Y 7o ({w e R* 1 pp € M(M(Ay, Us,),w) and qx € M (M (By, Uy, ), w)}) (21)

qr € Bk
=75, ({w € R¥* : pp € M(M(Ag, Us,),w)})
= Tsk(pkvAk)a

where the second equality follows from linearity of the representation, the third equality from the
fact that 7,, is a proper finitely-additive probability measure on RX% and the remaining equalities
hold by definition. Combining (19), (20), and (21), we obtain p;(ps; Ag|ht™1) = pi(pe; A H™1), as
required. |

Claim 3. p satisfies Axiom B.4 (History Continuity).

Proof. Fix any Ay, p; € A, and ™1 = (Ao, po, ..., As_1,pi—1) € HI™L Let S;_1(ht™1) C Si
denote the set of period-(t — 1) states that are consistent with A*~1. Define p;"~"(ps; A;) :=
> Hi' (50)7s, (pe, Ay) for each s;_1. By Lemma E.5,

t _
t—1 Z(So,...,st)ESOX---XSt ]._[kzo MZk I(Sk)TSk (pk?Ak)
pt(pt;At’h ) = t—1  Sk—1 A
D (sonrsi_1)€Sox - xSi_1 Lo M (k) Tsy (P, Ak)

t—1 _ _
Z(so,.._,st,l)esox...xst,l Hk:O Mik 1(Sk)T3k (Pks Ak ZStESt Mft " (56)7s, (pr, At)

t—1  Sk—
2(307--'7&71)650><"~><St,1 Hk:o /’ka I(Sk)Tsk (pkaAk)

Hence, pi(pt; At|h'™1) € co{p; " (pr; Ar) = si—1 € Se—1(RP™1)}. Fix any s;_; € Si—1(ht™1). To prove
the claim, it is sufficient to show that

pi' (e Ar) € {lim pe(prs Adlhi 1) 2 it ™ BT BT € HEL Y
To this end7 let pred(s?ﬁl) = (887...782‘;2) and let Bt_l = (B07q07"'7Bt—17Qt—1) € H:fl be

a separating history for si_;. By Lemma E.6, for each k = 0,...,¢# — 1, we can find sequences
A} € A,’;(hk_l) and pp € Ap such that Ay =™ Ag, pp =™ py and Us: (A}, pp) = {US;} for all n
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and all k = 0,...,t — 1. Working backwards from k£ = ¢ — 2, we can inductively replace A} and p}

with a mixture putting small weight on (z, A} +1) for some z to ensure that Ay, € supp pZ’A for all
k <t — 2 while maintaining the properties in the previous sentence. Then by construction hl 1 :=
(Ap,pB, ..., A" |, p? 1) € Hi_(A:) and hE! is a separating history for s;_;, which by Lemma E.5
implies

Ses: (Tici” (k) (e 4)) i ()7 o1 A1)
I oltk (S}Z)Ts;(Pk,Ak)
= Zut (50)7 (Pt Ar) = p' " (p1s Ar)

pe(pe; ARl ) =

for each n. Since ht~1 —™ R!~1 this verifies the desired claim. [

C Proof of Theorem 2

Instead of proving the two-period characterization of BEU in Theorem 2, this section establishes a
generalization of Theorem 2 for arbitrary horizon 7. Section C.1 presents the T-period axioms for
BEU. Sections C.2 and C.3 establish sufficiency and necessity of these axioms.

C.1 Characterization of BEU for Arbitrary T

The following three axioms are straightforward T-period generalizations of Axioms 5-7 from Sec-
tion 4.1:

Axiom C.1 (Separability). For any history h!=', A; and py, q; € A; such that p? = ¢7, p* = ¢{*, and
Ay U{p}, Ay U {q} € Af(RP1), we have

pe(pe; Ay U {pt}|ht71) = pi(q; Ay U {Qt}|ht71).

For each ¢, let my, m; denote typical elements of A(A;), and for each my, we let A(my) denote the
average menu induced by my, i.e., A(my) = ZAtEAt my(Ay)Ag.

Axiom C.2 (Stochastic DLR). The following hold for all t < T and h!~!:

(i). Preference for Flexibility: For any Ay, Biy1 such that Ayyq C Byyq and {(z, A¢41), (2, Bey1)} €
AF (R,
pt((zv Bt-‘rl); {(27 At+1)7 (Za Bt+1)}‘ht71) =1

(ii). Reduction of Mized Menus: For any A; and (z,m41), (2,mi, 1) € A¢ such that A(myy) =
A(mj, ) and Ay U {(z,me41)}, A U{(z,m}, )} € Af(h'™1), we have

pe((2,meg1); A U{(z,mesn) HATY) = pel(z,my ) Ar U {(2,mip ) AT,
(iii). Continuity: py(-|h'=1) : AF (1) — A(A(Xy)) is continuous.
(iv). Menu Nondegeneracy: {(z, Aix1), (2, Bir1)} € Af(hi™1) for some z, Ayyq, Biyq.

Axiom C.3 (Sophistication). For any ¢t < T — 1, ht = (bt~ Ay py) € Hf, 2z, and A1 C Byyq €
A1 (h'), the following are equivalent:
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(). pr+1(Pe+1; Bega|h') > 0 for some pry1 € Bia N Appa

(ii). liminf, p(5p¢ + 2(2, BR1) 34 + 3{(2, A), (2, B ) HATY) > 0 for all AR —™ Ay,
B, —™ By

We have the following T-period generalization of Theorem 2:

Theorem C.1. Suppose that p admits a DREU representation. Then p satisfies Axioms C.1-C.3 if
and only if p admits a BEU representation.

C.2 Proof of Theorem C.1: Sufficiency

Throughout this section, we assume that p admits a DREU representation and satisfies Axioms C.1—
C.3. We will show that p admits a BEU representation. By Proposition A.1, it is sufficient to construct
an S-based BEU representation. Sections C.2.1-C.2.5 accomplish this.

C.2.1 Recursive Construction up to ¢

The construction proceeds recursively. Suppose that ¢ < T — 1. Assume that we have obtained
(Sy, {uf,t/’l}st,_lest,_l, {Us,,, 75, }syes,) for each ¢ < t such that DREU1 and DREU2 hold for all
t' <t and BEU holds for all ¢ <t — 1 (see Definition 9 for the statements of these conditions). Note
that the base case t = 0 is true because of the fact that p admits a DREU representation and by
Proposition A.1 (the requirement that BEU holds for ¢ < t — 1 is vacuous here). To complete the
proof, we will construct (S¢y1, {1 FsieSi, {Usiirs Tsrgn Fsrs1eS:4,) such that DREUT and DREU2 hold
for # <t+ 1 and BEU holds for ¢ < ¢.

C.2.2 Properties of Uy,

The following lemma translates Axioms C.1 (Separability) and C.2 (Stochastic DLR) into properties
of Us,.

Lemma C.1. For any s; € S;, there exist functions us, : Z — R and V;, : A1 — R with Vj,
non-constant such that

(1) USt (ztv Al”rl) = Usy (Zt) + V:?t (At+1) for all (Zt7 At+1>
(ii). Vs, is continuous

(iii). Vg, is linear, i.e., Vg, (A1 + (1 — @)Biy1) = aVi, (A1) + (1 — a)Vs(Bigr) for all Ay, Bt
and o € (0,1)

(iv). Vi, is monotone, i.e., Vg, (A1) < Vi, (Biy1) for all Ay C Bigq.

Proof. Fix any s; € S; and its predecessor s;_1 € S;_1 (which is uniquely given by ;"' (s¢) > 0).
Take a separating history h'~! for s,_;, the existence of which is guaranteed by Lemma B.2. Let S
denote the support of ;" ".

For (i), it suffices, by standard arguments, to show that Us,(i(z, A1) + 5(y, Biy1)) =
Us, (% (2, Biy1) + %(y,AtH)) for all x,y, Aryr1, Brr1- To see this, suppose for a contradiction that
Us, (5(z, At+1)+%(y, Bii1)) # Us, (%(x, Bt+1)+%(y, A¢11)). We only consider the case Ust(%(x, Ap1)+
5y, Bit1)) > Us,(3(2, Bi1) + 3(y, As41)) as the other case is analogous. By applying Lemma E.2
to {Us : s € S}, there exists a menu A4; = {r] : s € S} such that for each s € S, r{ is the
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unique maximizer of Us in A;. By Lemma E.3, A; € Aj(h'~!). Moreover, we can assume that
each rj assigns positive probability to (z, Ai+1), (v, Bi+1), and (x, Bit1), (y, Aet1), as otherwise we
can mix these three options with all lotteries in A; (using the same weights for each rl) with-
out affecting the construction. Let r; := r;* denote the maximizer in state s;. By choosing ¢
small enough, we can ensure that p; = r + e(x, Ai1) + €(y, Bev1) — €(x, Beg1) — €(y, Ary1) and
qr :=ry—e(x, Ayp1) —e(y, Byw1) +e(x, Biy1) +€(y, Air1) are well-defined lotteries. Note that pf = q,§4
and ptZ = th . Moreover, for small enough ¢, we can also ensure that

Us,(pt) > Us, (11) > Us,(q) >  max US(Twlt)
ri€A{re}

and
US/ (Tts ) > US’ (pt)’ US’ (Tt)a Us’(qt)

for all s’ € S with s; # s'. Hence, pi(pt; Ar U {pe}h'Y) = 13" (s¢) > 0 = piqe, Ae U {g: }|h'™1) and,
by Lemma E.3, A; U {p:}, As U {q:} € A;(h'~!). But this contradicts Axiom C.1 (Separability).

Thus, there exist functions ug, : Z — R and Vj, : Ay — R such that U, (24, Ary1) = us, (2¢) +
Vs, (Ai41) for all z; and Aspq. Moreover, by Axiom C.2-(iv) (Menu Nondegeneracy) and Lemma E.3,
there exist Ayy1, Biy1 and z; such that Us, (2¢, Ai41) # Us,(2¢, Biy1). Hence, Vi, (Ayt1) # Vs, (Biy1),
so that Vs, is non-constant.

For (ii), Axiom C.2-(iii) (Continuity) together with Proposition F.2 ensures that Us, is continuous.
By part (i), this implies that Vj, is continuous.

For (iii), suppose to the contrary that Vi, (aA;1+ (1 —a)Bit1) # aVs, (A1) +(1—a) Vs, (Byyq) for
some o, Ayy1, Bi41. We only consider the case Vs, (0 Aip1+(1—a) Biy1) > Vi, (A1) +(1—a) Vi, (Biy1),
as the other case is analogous. Note that the collection {Vs : s € S} induces a finite collection of
ordinally distinct vINM utilities V1, ..., V* (with k < |S|) over A1, all of which are non-constant by
part (i). Hence, by Lemma E.2, there exists a finite set M1 = {m},; : i =1,...,k} C A(Ag41) of
lotteries over A;11 such that each m% 41 is the unique maximizer of V%in M;,,. We can assume that
each mj_ | assigns positive probability to menus aAsy1 + (1 — «)Biy1, Agy1, and Byyq, as otherwise
we can mix these three options to all lotteries in M;,1 (using the same weights for all mj, ;) without
affecting the construction. Let mj,; € M;1 denote the maximizer of Vj, in My ;.

By choosing € small enough, we can ensure that mg 1 := my, 4+ (@l + (1 — @) Byy1) —eaAip1—
e(1 —a)Biyy and mjy :==mj | —e(adiy1 + (1 — @) Biyr) + ey + (1 — a)Bigg are well-defined
lotteries in A(A;11). Note that A(myq1) = A(mj, ;). Moreover, for small enough ¢ > 0, we can also
ensure that

Vi (mt-i-l) > Vs, (mzt+1) > Vs, (m:SJrl) > max Vi (mt-i-l)
mey1 €My \{m§+1}

and

_max Vi (1) > Vi (mu), Vi (i), Vi (i)

mi41€Mit1
for all s} # s; in S with Vs, % Vs,. Fix any z € Z and let A; := {(2z,My+1) : M1 € Myp1}. Then
Lemma E.3 along with the separability of U, established in part (i) implies that pi((z, my+1); A U
{omu ) HRY) = (s 2 Ve & V) > 0 = p(zmi )i Ay U {(zmly ) HAEY). Also 4, U
{(z,me+1)}, A U {(z,m} 1)} € Af(h'"1). But this contradicts Axiom C.2-(ii) (Reduction of Mixed
Menus).

For (iv), suppose to the contrary that Vi, (Biy1) < Vi, (Apy1) for some A;1 € Byyq. Let Sy o=
{s €85 :Vs(By1) > Vs(Ai41)} and S_ :={s € S : V5(Bp+1) < Vs(Ai4+1)}. Note that S_ is nonempty
as sy € S_. For each s € S\ (S US_) we take a pair of menus Aj,,, Bf,; such that A}, C By
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and V(A7) # Vs(Bf)™® Define Ay = 3" s (5,05 ) EsAfit + (1 — Xes (5,05 ) €s)Arr1 and
Bii1 = 2ses(syus ) Es Bl T (1= 2ses (s,us ) €s) Ber1, where (g5) € (0, 1)S5405-) s a vector
such that ZSGS\(S+US,)€5 < 1. Note that A7, ; C Bj | by construction. Moreover, since each Vj
is linear by part (iii), we can choose (e5) sufficiently small so that Vi(Af ;) > Vi(Bf ;) for every
s € S_ and Vi(Aj,,) < Vi(Bj,,) for every s € S;. In addition, we can pick (g5) to ensure that
Vi(Af ) # Vi(Bf,) forall s € S\ (S4US_). Then {(z, A}, 1), (2, Bf41)} € Af(h'™1), by Lemma E.3.
Moreover, p((z, Aj11); {(z, A1), (z, Bf 1) A1) > pf* "' (S—) > 0. This contradicts Axiom C.2-(i)
(Preference for Flexibility). [

C.2.3 Construction of Random Utility in Period ¢ + 1

Since p admits a DREU representation, it admits an S-based DREU representation by Proposition A.1,
so in particular we can obtain (Sii1, {15 1 }seeSes {Usiy1s Tserr FserreSe,1) satisfying DREU1 and DREU2
at t + 1. For any s; € S, define pjy by pp 1 (pes1, Aev1) = D, %1 (8641) Tspir (Pe41, Apsr) for all
Pe+1, Arya.

C.2.4 Sophistication and Finiteness of Menu Preference

Before completing the representation, we establish two more lemmas. Using Axiom C.3 (Sophistica-
tion), the first lemma ensures that for each s, pfjrl and the preference over A;y; induced by V;, satisfy
Axioms 1 and 2 in Ahn and Sarver (2013).

Lemma C.2. For any s; € St, separating history h' for s;, and A;11 C By1 € Af +1(h"/), the following
are equivalent:

(1)- PPy (Brs1 \ Arg1; Begr) > 0.
(ii)' Vs, (Bt-‘rl) > Vs, (At-i-l)'

Proof. Pick any separating history h! = (Ao, po, ..., A¢, pt) for s;. Note that h! € H} by definition. By
DREU2 at t+1 and Lemma E.5, we have py1(Biy1 ~ Ai1; Biy1|h') = pity (Big1 N Ags1; Begr). Thus
by Axiom C.3 (Sophistication), it suffices to show that Vs, (Bi+1) > Vi, (Asy1) if and only if point (ii)
in Axiom C.3 holds.

To show the “only if” direction, suppose Vi, (Bt11) > Vi, (A¢41) and take any sequences A}, | —™
Agy1 and B,y —™ Byy1. Since convergence in mixture implies convergence under the Hausdorff
metric, we have lim, Vi, (A%, ;) = Vi, (A¢1) and lim, Vi, (Bf ) = Vs, (Bir1) by continuity of Vi,
(Lemma C.1-(ii)). Hence, there is N such that Vi, (B} ;) > Vs, (A},) for all n > N. Then for all
n > N, the fact that h! is a separating history for s; and M (A, Us,) = {p:} (as hy € H}) implies
that M (A + 5{(z, B{,), (2, AP, 1)}, Us,) = {&p¢ + (2, B,1)} for all z. Thus, by DREU2 at ¢ and
Lemma E.5, we have pe(1p: + 32, B )s bA4s + 3{(2, By, (2, AZ )R = pelpes A1) > 0 for
all n > N. That is, point (ii) in Axiom C.3 holds.

For the “if” direction, we prove the contrapositive. Suppose that Vs, (Bi+1) < Vi, (Asy1). Note that
since V;, is monotone and non-constant by Lemma C.1, we have Vi, (Biy1) = Vs, (Ai41) # Vs, (Ci1)
for some Cyyq. If Vi, (Apy1) > Vi, (Ciy1) take AP = Ayyq and B = %BtH + %C’Hl for each n,
and if Vi, (Air1) < Vi, (Ceyr) take BfY | = Biy1 and A} = ”T_lAtH + %Atﬂ for each n. In either
case, we have A} | =™ Ay 1, BfY, | =" Byy1 and Vi, (BY ) < Vs, (Af ) for every n by the linearity
of V, (Lemma C.1). Combining this with the fact that M(A;, Us,) = {p:} (since h! is a separating

"6Such a pair exists since each Vj is non-constant. Indeed, if such a pair does not exist for some s, then for
any pair of menus A¢i1 # Biy1, we have Vs(Ai1) = Vs(Aip1 U By1) = Vi(Biy1), a contradiction.
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history for s;), we have M (3A; + 1{(z, B}), (z, A} )}, Us,) = {3p¢ + 5(2, A7, 1)} for each n. Given
this, DREU2 at ¢ and Lemma E.5 yields py(3p: + 3(2, B, 1); 2 4; + 2{(2 B ), (z, A )R =0
for all n. That is, point (ii) in Axiom C.3 does not hold. [

The next lemma shows that because of Lemma C.2, the finiteness of each suppy;? ; is enough to
ensure that the preference over A;41 induced by each V, satisfies Axiom DLR 6 (Finiteness) introduced
by Ahn and Sarver (2013):

Lemma C.3. For each s; € S, there is Kg, > 0 such that for any A:;1, there is By1q C A¢4q such
that |Bi1| < K, and Vi, (A1) = Vi, (Bigr).

Proof. Fix any s; € Sy and a separating history h’ for s;. Let Si1(s;) := suppy;’,. We will show
that K, := |Si+1(s¢)| is as required.

Step 1 First consider any Byy1 € .AZ‘H(ht). Then by Lemma E.3, for each s;41 € Si41(s¢) we have
|M(Biy1,Us, )| = 1. Letting Avy1 := U, e, (s0) M (Bi41, Usyyr ), We then have that [Ayq| < K,
and p;  (Biy1 N Agy1, Biy1) = 0. By Lemma C.2, this implies that Vi, (A;11) = V5, (Biy1), as required.

Step 2: Next take any Bi1 & Ay, (h'). By Lemma E.6, we can find a sequence By, —™ By
with B}y, € Aj (k') for all n. Then by Step 1, we can find A}, C By, for all n such that
|AY | < K, and Vi, (A}, ) = Vs, (Bf;). By definition of —™, for each q;y1 € Byy1, there exists
Di11(gt+1) € Atq1 and a sequence an(ge+1) — 0 such that Ay € U, ep,,, on(@t+1) Dega(g1) +
(1 — an(qi+1)){ge+1} for all n. Hence, since |A} +1| < K, for all n, restricting to a subsequence if
necessary, there is A;y1 C Biy1 such that A ; —™ Ay and such that [A;11| < K,. Finally, by
continuity of Vi, (Lemma C.1 (ii)), we have V,(By1) = Vs, (A¢41), as required. [

C.2.5 Completing the Representation

Recall that in Section C.2.3, we have obtained (Sii1, {1/’ }se5, {Uspirs Tsips bsrsaesis,) satisfying
DREU1 and DREU2 at t + 1. We now show that for each St41 € Sty there exist ag,,, > 0 and
with U,

St+1

Bs,.1 € R such that after replacing U,
BEU holds at time t.

Fix any s; and let Siy1(s¢) := supppy’ ;. Note that by DREUL at t + 1 and since we have
defined p;% | by pj (pes1, Arr1) = Zstﬂestﬂ(sﬂ 11 (5641)Tse oy (Peg1, Agg1) for all pryy and Agpy, it
follows that (Sii1(s¢), py’q, {Ust+17T3t+1}8t+1est+1(8t)) is an S-based REU representation of p;’ ; (see
Definition 12).

Since all the Us,,, are non-constant and induce different preferences over A(X;,1) for distinct
St4+1s stJrl € Siy1(sy) and since Vi, is nonconstant by Lemma C.1, we can find a finite set Y C X1
such that (i) Vi, is non-constant on Ay 1(Y) := {Bi11 € Aig1 : UpieBsupp(per1) € Y} (ii) for
each si41 € Sir1(se), Us,s+1 is non-constant on Y'; and (iii) for each distinct pair s;11,57,; € Si1(st),
USz+1 39 US;+1 onY.

Observe that by Lemmas C.1 and C.3, the preference 725, on A:;1(Y) induced by Vj, satisfies
Axioms DLR 1-6 (Weak Order, Continuity, Independence, Monotonicity, Nontriviality, Finiteness) in
Ahn and Sarver (2013) (henceforth AS), so by Corollary S1in AS, -, admits a DLR representation (see
Definition S1 in AS). Moreover, since p;' ; admits an S-based REU representation (what AS call a GP
representation), so does its restriction to A;11(Y’). Finally, by Lemma C.2, the pair (Zs,, pj’ ;) satisfies
AS’s Axioms 1 and 2 on A;41(Y). Thus, by Theorem 1 in AS, we can find a DLR-GP representation of
(Zser Pify) on Agy1(Y), ie., an S-based REU representation (§t+1(st),ﬂfil, (Uspirs Tsion }

= ozstJrlUStJrl + Bs,.1, we additionally have that

t+1

St+1€§t+1(st))

of pji; on Agr1(Y) such that g, restricted to Ay 1(Y) is represented by Vs,, where Vi, (Aig1) -

~St

D sri1€8uin(so) i1 (st41) maxp, ea, y Us,y (Pega). Since Vi, also represents 7, restricted to Ag41(Y),
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standard arguments yield o;, > 0 and Bs, € R such that for all A;y1 € Ap1(Y), we have Vi, (Ary1) =
a5, Vs, (A1) + Bs,, whence

‘/St (At-l-l) = Z ﬂfil(8t+1)pt+r1neaj(t+1 U8t+1 (pH—l)’ (22)
st+1€S1+1(st)
where Us,,, = dstﬁst ot Bst. By the uniqueness properties of S-based REU represen-

tations (Proposition 4 in AS), (Si11(st), i, {U8t+17728t+1}8t+1€‘§t+1(8t)) still constitutes an S-
based REU representation of pj; on A;1(Y). Applying Proposition 4 in AS again, since
(St+1(80), 1515 {Uspi1 Tsepr Fserr€Sian(se)) also represents pt; on Ayp1(Y), we can assume after re-
labeling that Siy1(s¢) = Ser1(st), 17y = py’; and that for each sy € Syy1(st), there exist constants
as,4+1 > 0 and S, , € R such that

U3t+1 (xt+1) = Qs f]StJrl ($t+1) + /83t+1 (23)

for each 441 € Y C Xy Since USH—l is defined on X1, we can extend U,,, to
the whole space Xyy1 by (23). Then U, , and U,_, represent the same preference over
A(Xyy1), so since (Spr1(e), 415 {Usiprs Tsian Fsipr€Siaa(se)) satisfies DREUL and DREU2, so does
(St+1 (St)a /‘fjrl’ {U5t+1 y Tseq1 }st+1 ESt+1(st))'

It remains to show that (22) holds for all A¢y; € A1, so that BEU is satisfied at s;. To see this,
consider any A;11 € A;r1 and choose a finite set Y’ C X; 41 such that Y U Upt+1€At+1 supp(pi+1) C
Y’. As above, we can again apply Theorem 1 in AS to obtain a DLR-GP representation
(Si1(se), ity {Usiins Torsn FsipaeSopa(se)) ©f the pair (Zs,, pify) restricted to Azy1(Y”). But since this
also yields a DLR-GP representation of (Zs,, pj’ ;) restricted to A1 1(Y’), by the uniqueness property of
DLR-GP representations (Theorem 2 in AS), we can assume that Si1(st) = Sev1(st), i = py’q and
that there exists &, > 0 and f,,,, € Rsuch that Us,,, = &, Us,,, 4+, for each s;41 € Si11(s¢). Since
=, is represented on A1 (Y”) by Vi, (Biy1) = D sii1€8i(se) Pt (Se+1) maxp, eB, Usiyy (pr41) and
since &g, depends only on s; (and not on sy11), it follows that =, is also represented on Ay 1(Y”)
by Vi (Biy1) == D sis1€Sian(se) Piv1 (St+1) maxp,  eB, g Useyy (pr41). Thus, the linear functions Vi, and
V] represent the same preference on A;41(Y’) and coincide on A;11(Y'), so they must also coincide
on Ai41(Y’). Thus, (22) holds at Agtq.

This shows that BEU holds at t. Combining this with the inductive hypothesis, it follows that
(Sy, {u:f/‘l}st,_legt,_l, {Us, , s, }s,es,) satisfies DREU1 and DREU2 for all ¢ <t + 1 and BEU for
all t/ < t, as required.

C.3 Proof of Theorem C.1: Necessity

Suppose that p admits a BEU representation. Then by Proposition A.1, p admits an S-based BEU
representation (St7 {MfFl }St—l €St—1>» {U5t7 Usyy Tsy }StGSt)'

To show Axiom C.1 (Separability), take any history h'=', A; and p;,q; & A; such that p = ¢/,
p? = qf, and A; U {ps}, A; U {¢:} € A;(h'™1). Note that by the representation Us,(p:) = Us, (q:)
for any s;. Thus M(A U {p:},Us,) = M(AU {q},Us,) for each s;. Since A; U {p:}, At U{q:} €
Az (ht=1), this implies pg(pe; A:U{pe A1) = pi(qe; AdU{qe}|hP™1). Axiom C.2-(ii) (Reduction of Mixed
Menus) is verified in the same manner, because when A(m¢;1) = A(m,,4), then by the representation
Us,(z,mpp1) = Us, (2, my ;) for all z and s;.

To verify Axiom C.2-(i) (Preference for Flexibility), note that when A:y; C Biy1 , then by the
representation, we have Uy, (z, Ai+1) < Us, (2, By41) for all z and s;. Moreover, {(z, A¢+1), (2, Biy1)} €
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Af (h'~1) guarantees that the inequality is strict for all s; with the property that u;*~*(s;) > 0 for some
s;_1 that is consistent with history h*~1. This implies p;((2, A111); {(2, Ai11), (2, Ber1) R = 1.

Axiom C.2-(iii) (Continuity) holds by Proposition F.2, because for each s; the function Uy, : X; —
R is continuous by the representation.

To verify Axiom C.2-(iv) (Menu Nondegeneracy), note that by the representation, U, is non-
constant for every sy. Then an inductive argument implies that for any z, ¢t < T — 1 and sy,
Us,(z,-) : Ayx1 — R is also non-constant. Thus, for each s;, there is a pair of menus such that
Us, (2, AYy) # Us, (2, BfY). Define A1 = ). cq, a5, Aft ) and Biy1 == ) g, a5, Byl for some
vector (as,) € (0, 1)St with >  cg s, = 1. Since Uy, is linear in continuation menus by the repre-
sentation, we can choose (as,) such that Us,(z, Ai11) # Us, (2, Biy1) for all s;. By Lemma E.3, this
implies {(z, A¢11), (2, Bis1)} € Af(hP1).

Finally, to show Axiom C.3 (Sophistication), take any history h! = (Ao, po, ..., A, pt) € H}, 2z, and
Aiy1 € By € A +1(ht). Let S; C S; denote the set of states that are consistent with hf. First note
that based on Lemmas E.3 and E.5 and the fact that By € Af,;(h'), condition (i) in Axiom C.3 is
equivalent to the following condition:

(i) : 3s; € Sf, Isiyy € suppufjrl such that réli}lc Us,, > mfff Ust,,-
Thus, it suffices to show that condition (i’) is equivalent to condition (ii) in Axiom C.3.

Suppose first that condition (i’) holds. Then by the representation, we have Us:(z, Biy1) >
Uss (2, At41). Take any sequences Aj,; —"™ Azyq and B, —"™ Biy1. Since convergence in mix-
ture implies convergence under the Hausdorff metric and Usy is continuous by the representation,
this yields some N such that U (z, By;) > Us(z, A, ;) for all n > N. Hence, the fact that p;
is the unique maximizer of Uy in A; (which follows from h* € Hf) implies that for all n > N,
30+ 3(2, Bt+1) is the unique maximizer of Uy in A + 5{(2, B{'1), (2, A7, 1)}. This ensures that for
allmn > N, p(3p: + 5(2, Bt+1)s A+ H(z, Bt+1) (z, A7) }|A'™1) is strictly positive, as it is greater
,,,,, SF)ES)X... xSy [Tho 1" (5)7sy, (PR AR)
Z(.so ..... Sp_1)ESX... X Sy_ 1Hk Ouzk l(sk)Tsk(pk’Ak)
after history h~! (see Lemma E.5). Thus, condition (ii) in Axiom C.3 is satisfied.

For the converse, we prove the contrapositive. If (i’) does not hold, then by the representation,
we have Us, (2, Ai11) = Us, (2, Bi41) for all s, € Sf. Take menus Cj_, Cyy1 such that Us,(z,Cl, ) >
Us,(z,C¢y1) for all 5,77 Then define A} = %Cé-s-l + "T_lAtH and B}, := %Cgﬂ + ”T_lBtH for
each n. By construction, A? ; =™ Ayy1 and B} | =™ Byy1. For each s;, by linearity of Uy, (z,-), it
follows that Us, (2, A}, 1) > Us, (2, Bf',) f01r1 every n. Thus for any s, € Sf, ipi+3(z, By 1) §Z1M( A+
2{(2 A1), (2, Bi41)}, Us,). But then Pt(ipt"‘ 7(2. Bi1)s 3 3 A+ 2{(2 Biy), (Z7At+1)}‘ht ) =0 for
every n, so that condition (ii) is violated. This completes the proof of necessity.

than

> (), i.e., the conditional probability that s} realizes

D Proof of Theorem 3

Instead of proving the two-period characterization of BEB in Theorem 3, this section establishes a
generalization of Theorem 3 for arbitrary horizon 7. Section D.1 presents the T-period axiom for

""Such menus exist by the following argument. Note first that for any s¢41 € S¢y1, since Uy, ,, is nonconstant,
we can find giy1(se41),be41(5e41) € A(Xyq1) such that Us,,, (ge+1(8e+1)) > Us,py (be41(8141)). Let Ciyy =
{9641 (8¢41),be41(S¢41) = Se41 € Seq1}, and for every sy, let Ay 1(ss) := {bi11(5¢41)} for some 5,41 € supppy?, ;.
Then U, (2,C}, 1) > Us, (2, Agp1(sy)) for all s;, 57, with strict inequality for s, = s;. Hence, letting Cy11 :=
D ses, ﬁAtH(st), linearity implies U, (2, C} ;) > Us, (2, Ciy1) for all s, as required.
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BEB. Sections D.2 and D.3 establish sufficiency and necessity of this axiom.

D.1 Characterization of BEB for Arbitrary T

For any consumption lottery ¢ € A(Z) and menu A, 1 € Ayqq, define (¢, Ayp1) € A(Xy) to be the
period-t lottery that yields current consumption according to ¢ and yields continuation menu A4 for
sure; ie., (6, Apy1) = >, c 7 €(2)0(z,,4,,,)- Then foreach t <T'—1, £y, l1 € A(Z), and Agya € Arya,
we define (¢4, €411, Apr2) := (b, {pe1}) such that py1 = (bri1, Apro).™

We generalize Axiom 8 and Condition 1 as follows:

Axiom D.1 (Stationary Consumption Preference). For each history hi=1 if (£,¢, Ayyo), (¢, €', Aryo) €
Ay € A;(ht71), then
pt((€7€/, Att2); At‘htil) =0.

Condition D.1 (Uniformly Ranked Pair). There exist ¢,/ € A(Z) such that A, =
{(Z, At+1), (ﬁ, At+1)} S A;{(ht_l) and pt((z, At+1);At|ht_1) =1 for all ¢, At+1, and ht~1.

We have the following T-period generalization of Theorem 3:

Theorem D.1. Suppose that p admits a BEU representation and Condition D.1 is satisfied. Then p
satisfies Axioms D.1 if and only if p admits a BEB representation.

D.2 Proof of Theorem D.1: Sufficiency

Suppose that p admits a BEU representation and that Condition D.1 and Axiom D.1 hold. By Propo-

sition A.1, p admits an S-based BEU representation (Si, {1;" " }s, 1€, 1 {Uss Usys Ty Fs1€80 )t=0,...T-

Up to adding appropriate constants to each utility us, and Us,, we can ensure that ), us,(2) =0

for all t = 0,...,T and s; € S; without affecting that (Sg, {u;" " }s, 1e8: 15 {Ust» Usp» Tsy Fsi€80 )t=0,...T

is an S-based BEU representation of p. We will show that this representation is in fact an S-

based BEB representation, i.e., for each ¢t < T — 1 and s;, there exists d;, > 0 such that we have
1

Usy = 50” Dsin pi 1 (8t41)us, ;- By Proposition A.1, this implies that p admits a BEB representation.

Condition D.1 ensures that all felicities u,, agree on the ranking between ¢ and £:

Lemma D.1. us, () > us,(£) holds for all ¢ and s;.

Proof. Consider any t and s; € S; and the state s;_1 such that u;""'(s;) > 0. Take a separating
history h!=1 for s, and any Agyr. Let Ay = {(¢,Ay11), (¢, Ayy1)}. Then pondition D.1 ensures
Ay € Ar (1) and py((F, Ags1); Ag)h~1) = 1, which by Lemma E.3 implies Uy, (¢, A¢11) > Us, (£, Agy1).

By the separability of the representation, it follows that wus, (¢£) > us, (£). [ ]

For any t =0,...,T — 1 and s; € S, let ujt = ZStH g’ (St41)Us,,, denote the expected period
t 4+ 1 felicity at state s;. Note that Lemma D.1 ensures that each u;‘; is non-constant. We show that

Axiom D.1 (Stationary Consumption Preference) implies that u,, and v, induce the same preference
over A(Z):

Lemma D.2. u,, ~ uf, holds for all t <T — 1 and s; € S;.

"In the case of t = T'— 1 by abusing notation we are using (¢4, 11, A;12) to denote the lottery that yields
¢y in period T — 1 and #4471 in period T.
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Proof. Suppose to the contrary that ug: % u;% for some s; € S;. Since ug: and u;% are nonconstant,
there exist £, € A(Z) such that ug: (£) > us:(¢') and u+ (0) < ul, (6’) By slightly perturbing ¢ and
¢" if needed, we can assume that us, (¢) # us, (¢') and u+( ) # ul (f’) for all s; € Sy, since all ugs, and
uf, are nonconstant.

Fix any Ao and let Ay := {(4, 4, Ayy2), (0,0, Apya), (£, 0/, Ay12)}. Then, by the separability of
the representation, we have that |M (A4, Us,)| = 1 for all s; € S;, with unique element given by
(argmax(€t7gt+1)€{g o2 us, () + u, (£t+1),At+2> In particular, M (A, Ug;) = {(£, ¢, Ay2)}. Let 541

St— 1(

be the unique state such that u;""'(sf) > 0 and take a separating history h'~! for s;_;. Then
Lemma E.3 implies that A; € Aj(h'™1) and pe((€, 0, Ary2), Ae|h™1) > ui* " (sf) > 0, contradicting
Axiom D.1. |

Since each ug, is nonconstant by Lemma D.1, Lemma D.2 implies that for each t < T — 1 and s;
there exist constants ds, > 0,7s, € R such that u;, = ds,us, +7s,. Since we have normalized felicities
such that ) ., us,(2) = 0 for any ¢’ and s/, we must have ,, = 0. This completes the proof that p
admits an S-based BEB representation.

D.3 Proof of Theorem D.1: Necessity

Suppose that p admits a BEB representation. By Proposition A.1, p admits an S-based BEB repre-
sentation (St7 {M?t_l }St—1€5'z—17 {U5t7 Usys (55” TSt}StESt)t:Q---,T'

To verify Axiom D.1, take any history h!~! and comsider (¢,¢, Ajio),(¢',0',Asi2) € A; €
As(hh. I p((6, 0, Apya), Aglht™Y) > 0, then by Lemma E.3, we have U, ((¢,¢, Aii2)) >
Us, (4,4, Ats2)), Us, (¢, 0/, Ag42)) for some s;. By the representation, this implies that ug, (¢) > wus, (¢')

and 00 gt (se41)usepy (0) < D2, e (Se41)Usep, (). But this contradicts the fact that us, =

1 St
5 23t+1 pit (St41) s, and dg, > 0.

E Additional Lemmas

This section collects together several lemmas that are used throughout Sections B-D. The proofs are
provided in Supplementary Appendix J.2.

Lemma E.1. For all t = 0,...,T, X; is a separable metric space, where Xt := Z is endowed with
the discrete metric and for all ¢ < T — 1, we recursively endow A(X;y;) with the induced topology
of weak convergence, A1 := K(A(X;41)) with the induced Hausdorff topology, and X; := Z x A1
with the induced product topology.

Lemma E.2. Let Y be any set (possibly infinite) and let {Us : s € S} € RY be a collection of
nonconstant vNM utility functions indexed by a finite set S such that Us; % Uy for any distinct
5,5’ € S. Then there is a collection of lotteries {p® : s € S} € A(Y) such that Uy(p®) > U,(p®) for
any distinct s, s’ € S.

Lemma E.3. Fixt =0,...,T. Suppose (Sy, {/Lff/’l}st,_lest,_l, {Us, 75, }s,es,) satisfy DREU1 and
DREU?2 for all # < t. Take any h'~! € H;_1 and let S(h'~!) C S;_1 denote the set of states consistent
with h*~!. Then for any A; € Ay, the following are equivalent:

(i). A, € AF(RPY)

(ii). For each s;_1 € S(h'™!) and s; € supp u;" ™", |[M (A, Us,)| = 1.
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Lemma E.4. Suppose that p satisfies Axiom B.2. Fixt > 1, A, € A, ki1 = (AQ,po, ooy A1, pi—1) €
Hi—1, and A = (M) 2o, A = (An)i € (0, 1) Suppose &' = ({gn}, gn)j—0 4" = ({dn} dn)iy €
Dy_q satisfy AhI™E + (1 — N)d= 1 AR 4 (1 — )\)Adt_l € Hi—1(4;), where AL (1= N)dt =
Mndn + (1= X ){an}, Mapn + (1= A\o)gn)iy and AhI 1 4 (1 — A)d' ! is defined analogously. Then

pr( A AR 4 (1= N = po(5 AdART 4 (1= X)d ),
and hence, pf' (5 Ay) = py(5 A M1 4 (1= N,

Lemma E.5. Fixt =0,...,T. Suppose (Sy, {)u:/tlil}st/71€st/71 AUs,> Ts, Vs es,) satisfy DREU1 and
DREU2 for all ¢ < t. Then the extended version of p from Definition 10 also satisfies DREU2 for all
t' <t ie., for all py, Ay, and h¥' ~1 = (Ao, po, ..., Ap_1,p¢—1) € Hyr—1,” we have

t/ —
Z(sg,..‘,st/)esox...xst/ szo “Zk ' (k) Tsy, (Pks Ak

t—1  Sk—1 :

py (py, Ap|h" ™) =
Z(So,...,st/71)650><...><St/71 HkZO 'u'k: (Sk)TSk (pkh Ak)

Lemma E.6. Fixt =0,...,T. Suppose (Sy, {u:f/’l}st,_legt,_p {Us,/s 75, }spes,) satisfy DREUT and
DREU? for all ¢ < t. Fix any s;_1 € S;_1, separating history h*~! for s,_;, and A; € A;. Then there
exists a sequence A7 —™ A, such that A} € Aj (k') for all n. Moreover, given any s; € suppp;’ "

and p; € M(Ay,Us;:), we can ensure in this construction that there is pj'(sy) € Af with p}(sf) =™ p;
such that Us, (A7, pi'(si)) = {Us; } for all n.

For t’ = 0, we abuse notation by letting py (-|h* 1) denote po(-) for all At 1.
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